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Abstract
Galactic nuclei are among the dynamically richest regions in the Universe. They are
often found to host supermassive black holes (SMBHs) of millions to tens of billions
solar masses; plus, they frequently harbour nuclear star clusters, stellar gatherings
attaining densities up to∼ 107M pc−3. These unique features make galactic nuclei
ideal laboratories for the study of a broad range of N -body dynamical phenomena,
including the genesis of both low and high frequency gravitational wave (GW)
sources, the ignition of tidal disruption events, the formation of stellar cusps about
SMBHs.
The Milky Way nucleus, the Galactic Centre (GC), is by far the best known galac-
tic nucleus in the Universe: it accommodates the closest known SMBH, enshrouded
in a gas rich and star forming nuclear stellar cluster, whose stellar orbits can be
tracked with incomparable precision. In fact, the orbital monitoring of the young
S-stars, separated by less than 0.04 pc from the SMBH, provides the most com-
pelling indication for the existence of an SMBH. Still, numerous physical processes
occurring in this unique environment remain enigmatic. Theoretical arguments
predict that a steep density cusp should develop near the SMBH, but the observed
density profile of giant stars appears shallower than expected; furthermore, a large
population of neutron stars is predicted to closely orbit the SMBH, but only a
single pulsar has been observed within the innermost parsec.
The significant number of young and massive stars inhabiting the GC implies that
supernova (SN) explosions should occur frequently in this region. The associated
SN kicks may have a relevant dynamical role at the GC, as they effectively reshuﬄe
stellar orbits near the SMBH. Motivated by this, in Chapter 2 I address the role of
SN kicks occurring in young binary systems located in the GC innermost parsec.
I find that SN kicks typically either unbind neutron stars from the SMBH, or set
them on very eccentric orbits; therefore, the apparent dearth of neutron stars in the
GC might be a result of SN kicks. In contrast, stellar black holes do not change their
orbits significantly in response to the kick. Thus, several star formation episodes in
the GC may have built-up a concentration of stellar black holes within the SMBH
sphere of influence; this hypothesis is supported by the recent detection of a cusp
of quiescent accreting X-ray binaries in the GC innermost parsec.
SN kicks may play an additional crucial role, if they occur in the close vicinity
to the SMBH: they may induce the generation of extreme mass ratio inspirals
(EMRIs), i.e. GW driven decays of stellar mass compact objects onto SMBHs. In
the standard picture, EMRIs are induced by repeated two-body scatterings between
stars; in Chapter 3, I show that SN kicks may effectively funnel infant black holes
and neutron stars on low angular momentum orbits, promoting their decay onto
the SMBH via GW emission. By applying this argument to the S-stars in the GC,
I predict one SN kick out of 104 to induce an EMRI event. My result implies a rate
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order of magnitude smaller than the standard estimate obtained assuming EMRIs
to be promoted by repeated two body encounters between stars.
Investigations on EMRI events are crucial as these phenomena are predicted to be
a promising GW source detectable by the forthcoming space-borne LISA observa-
tory, the straw-man mission selected by ESA for L3. However, what is currently
believed to be the loudest source target for LISA is the coalescence of SMBH
binaries (BHBs); in fact, BHBs are suspected to form in large numbers along
the cosmic epochs, being a natural outcome of repeated collisions between galax-
ies. The paramount importance of LISA detections stems from the fact that the
signals released by EMRIs and BHB mergers will deliver unprecedented informa-
tion on SMBH masses, spins and host environments; plus, they will provide an
exquisite probe for general relativity and for the hierarchical clustering of galaxies
and SMBHs.
The debate on whether a BHB could actually find its way to the final coalescence
within the age of the Universe has been standing for a long time. Before reaching
the GW emission stage, a BHB evolving in a gas-poor nucleus shrinks primarily
by slingshot ejections of stars intersecting its orbit: at the beginning of this phase,
the BHB promptly expels from the galaxy almost all stars able to reach its neigh-
bourhood. After that, the BHB shrinking can persist only if any physical process
can guarantee a steady repopulation of the binary loss cone, the region of phase-
space containing stars that can interact with the BHB. In fact, initial studies of
BHBs evolving in spherical systems suggested that the separation between the two
SMBHs cannot drop below ∼ 1 pc. However, there is circumstantial evidence that
SMBH pairs are rare and BHBs are more likely to merge: this motivated a series
of works aimed to solve the so-called final parsec problem.
In Chapter 4, I contribute to the forge of possible solutions by exploring the infall
of a young massive stellar cluster onto a BHB. Young clusters are common in
galactic nuclei, and may form in a burst of star formation following the galaxy
merger. My results show that a cluster approaching the BHB along a non-zero
angular momentum orbit fails to enhance the BHB shrinking; in contrast, the
same cluster reaching the BHB on a radial orbit considerably contributes to the
loss cone refilling, as the BHB semimajor axis shrinks by 10− 15%. My results
indicate that the angular momentum of the infalling cluster plays a crucial role in
the BHB hardening.
While the infall of a star cluster represents a promising way to shorten the binary
path to coalescence, a more general solution to the final parsec problem is currently
believed to reside in the non-sphericity of the host galaxy. If the host galaxy is
triaxial (e.g. as a result of a galaxy merger), large scale gravitational torques
ensure the diffusion of stars in angular momentum space, guaranteeing a steady
repopulation of the BHB loss cone. This conclusion initially came from direct
summationN -body simulations, whose reliability was questioned due to the modest
achievable number of particles (. 106). For instance, resolution limits enhance the
amplitude of the BHB random walk, artificially boosting the loss cone refilling. In
Chapter 5, I explore the significance of this spurious effect via a suite of galaxy
merger simulations. I show that Brownian motion considerably enhances the binary
shrinking rate in runs with less than 105 objects, while it does not significantly affect
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findings provide more reliability to the conclusion that non-spherical gravitational
torques ensure an efficient binary shrinking via three-body stellar scatterings.
While the influence of the galactic shape on the BHB shrinking rate has been
largely explored, yet little is known about the opposite effect, i.e. the influence of
a BHB on the morphology of its host stellar system. In Chapter 6, I show that
BHBs have a strong impact on the geometry of merger remnants. In particular, a
BHB is found to induce maximum triaxiality within its sphere of influence; plus,
the presence of single or binary SMBHs makes the stellar system more axisymmet-
ric (oblate) up to a radius enclosing 100 SMBH masses, compared to SMBH-free
merger relics. My results confirm that BHBs are able to coalesce within a few Gyr,
even if their host systems retain nearly axisymmetric mid- and large-scale geome-
tries. In addition, my study suggests that no strong connection exists between the
galaxy merger remnant morphology and the BHB shrinking rate, which seems to
depend only on the inner density slope of the non-spherical galaxy. Such result may
be particularly relevant for low-frequency GW science, as the timescale needed for
a binary to reach the GW-emission stage could be assumed to scale only with the
central density of the host galaxy.
In summary, this thesis is organized as follows: after a general introduction on
galactic nuclei and SMBHs (Chapter 1), I address the role of SN kicks in the
GC. Chapter 2 explores the dynamical role of such kicks occurring in young binary
stellar systems within the central parsec of our Galaxy, while Chapter 3 investigates
the possibility that SN kicks trigger EMRIs in the GC. The subsequent chapters
are devoted to the study of BHBs: Chapter 4 explores the effect of a young stellar
cluster infalling onto an SMBH binary; Chapter 5 rules out the possibility that
the numerical wandering of the binary skews the results of simulations adopting
the direct-summation technique; Chapter 6 investigates the influence of SMBHs
and SMBH binaries on the shape of galaxy merger remnants, and the relation
between the binary shrinking and the morphology of the host galaxy. Finally, the
ending chapter presents the conclusions of this thesis, and expands on its future
developments.
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1
Supermassive black holes
in galactic nuclei
As curious as it may seem, Einstein was wrong. And not just him: until a handful
of decades ago, many bright scientists would firmly reject the possibility that black
holes (BHs) – objects so compact that not even light can escape their surfaces –
could exist, let alone the idea that they could weigh billions of solar masses.
Einstein in person committed himself to prove that Nature would never allow such
outrageous objects to form: “The essential result of this investigation is a clear
understanding as to why the Schwarzschild singularities do not exist in physical
reality”, he asserted in his 1939 paper, ultimately refusing the possibility that the
most extraordinary legacy of his theory could ever come into existence (Einstein,
1939).
However, as Werner Israel later commented, “there might be more in heaven and
earth than Western science was prepared to dream of” (Thorne, 1994). And this was
the case: in the following decades, not only circumstantial evidence was brought
that BHs with near solar mass exist; the discovery of quasars gradually forced
the astronomical community to accept that supermassive black holes (SMBHs),
weighting up to tens of billions solar masses, are common inhabitants of galaxy
nuclei.
1.1 Astrophysical black holes
In principle, any mass M can become a BH, as long as there is a process able to
confine such mass inside the so-called Schwarzschild radius,
rs =
2GM
c2
≈ 10−5
(
M
108M
)
pc (1.1)
where G is the gravitational constant and c is the light speed. Nowadays we
know that stellar evolution provides a valid mechanism for generating such exotic
objects: stars with initial mass in excess of ≈ 8M generally end their lives in a
violent supernova (SN) explosion, leaving behind a compact remnant in the form
of either a neutron star (NS) or, if the star initial mass exceeds ≈ 25M, a BH.
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Hints for stellar mass BHs existence initially arose from the X-ray observations of
accreting stellar binaries, the first being the pioneering study of Cyg X-1, whose
BH nature was strongly suspected since 1972 (Webster and Murdin, 1972).
In the same years, evidence started building up that heavier BHs lurk in the nucleus
of many galaxies: SMBHs. In 1963, the first of many distant quasars, named 3C
273, was discovered (Schmidt, 1963); after rejecting all other possible explanations
for its nature, astronomers started accepting the idea that quasars energy was
released by the accretion of matter onto an SMBH (Lynden-Bell, 1969; Rees, 1984).
In the 1980s, it became evident that quasars are rare in the local Universe compared
to their occurrence at higher redshift (Schmidt and Green, 1983); hence, the idea
emerged that dormant, non-accreting SMBHs lurk in galactic nuclei in the present
day Universe. The existence of quiescent SMBHs in the local Universe was later
unambiguously confirmed through the tracking of Keplerian stellar orbits in the
Milky Way centre (Schödel et al., 2002; Ghez et al., 2003), and by VLBI observa-
tions of the maser-emitting circumnuclear disk in NGC 4258 (Miyoshi et al., 1995).
Today, astronomers are reasonably sure that SMBHs inhabit almost all galaxies
whose stellar mass M? exceeds ∼ 1011M, while their occurrence in lighter stellar
systems remains ambiguous (Ferrarese and Ford, 2005; Kormendy and Ho, 2013).
Although SMBHs relevance in astrophysics is nowadays unquestionable, their cos-
mological formation path is still largely unconstrained. Owing to this, SMBH low
and high mass end remain widely debated, and our knowledge of SMBHs mass
function largely comes from observations. This being said, it is customary to refer
to SMBHs as objects with masses between ∼ 106 − 1010M.
A mass desert appears between the heaviest stellar mass BHs (∼ 100M) and the
lightest SMBHs (∼ 106M). BHs inhabiting this loosely populated mass range
have been named intermediate mass black holes (IMBHs). Only very recently, the
first indirect IMBH observations started to come forward (Filippenko and Ho, 2003;
Straub et al., 2014; Baldassare et al., 2015; Lin et al., 2018). However, it remains
obscure whether IMBHs are in fact rare objects, or rather observation-related biases
prevent astronomers to find IMBHs in large numbers.
1.2 Supermassive black holes and their host stellar systems
Although gas accretion first revealed SMBHs existence, SMBHs appear most often
to be associated with stellar spheroids, being either elliptical galaxies or bulge
components of disk galaxies(1) (Kormendy and Richstone, 1995; Magorrian et al.,
1998). The surface brightness profile I of stellar spheroids is generally well fitted
by the Sérsic model (Sersic, 1968)
ln (I(R)) = ln (I(Re))− b(n)
[
(R/Re)1/n − 1
]
, (1.2)
where R is the projected galaxy radius, while b is a constant chosen so that Re
contains half of the total spheroid’s light; the Sérsic index n is a ‘shape’ parameter
(1) In the present thesis, both structures will be referred to as ‘bulges’ or ‘stellar spheroids’.
While SMBHs seem to be present in almost all galaxies with a classical bulge component, the
inverse is not true, and stellar spheroids no longer seem to be necessary equipment for SMBH
formation and growth (Kormendy and Ho, 2013).
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Fig. 1.1. V−band brightness profiles and associated Sérsic fits of (i) NGC 4459 (left-
hand panel), a prototypical low-luminosity elliptical galaxy exhibiting a central brightness
enhancement, associated with the presence of a NSC; (ii) NGC 4472 (right-hand panel), a
typical giant elliptical galaxy, with clear signature of a density core within the innermost
2′′. Image credits: Kormendy and Ho (2013); photometry from Kormendy et al. (2009);
references to data sources are in the legend.
that depends on galaxy morphology. The Sérsic profile has been known for long
to well reproduce the brightness profile of many spheroids (Graham et al., 2003);
however, deviations are often observed at the smallest radii (Fig. 1.1). Such vari-
ations are significant for the study of galactic nuclei, as they could be source of
crucial insights on the physics and evolution of galaxies and SMBHs.
1.2.1 Nuclear Stellar Clusters
Hubble Space Telescope (HST) imaging surveys have revealed that bulges fainter
than ∼ 1010.3L almost universally exhibit central enhancements in the surface
brightness profile (see the left-hand panel of Fig. 1.1), due to the presence of bright
and compact nuclear star clusters (NSCs; Carollo et al. 1997; Böker et al. 2002;
Côté et al. 2006; Carson et al. 2015). NSCs extend for 2− 10 pc in radius, and
have masses of ∼ 105 − 108M: thus, their stellar density can attain 107M pc−3,
making them the densest and perhaps dynamically richest stellar systems in the
Universe (Phillips et al., 1996; Prodan et al., 2015).
Interestingly, NSCs are known to co-exist with SMBHs across a wide range of galaxy
masses (108 . M?/M . 1010, Seth et al. 2008). However, no NSC is detected
in the central regions of galaxies with M? & 1010M, where only SMBHs seem to
sit. On the contrary, NSCs dominate the nuclei of small galaxies (M? . 108M),
where SMBHs are either lacking or too light-weighted to be identified (Ferrarese
et al., 2006; Graham and Spitler, 2009). These circumstantial facts would suggest
that NSCs and SMBHs evolution is strictly connected, and the two objects could
be a natural by-product of galaxy evolutionary processes (Ferrarese et al., 2006).
However, a comprehensive theory on the genesis of the aforementioned aspects, as
much as on the origin of NSCs, remains to be found.
At the moment, two leading scenarios have been proposed to explain NSCs for-
mation. (i) According to the so-called migration scenario, NSCs grow their mass
by progressively accreting stellar clusters that formed elsewhere in the galaxy and
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gradually decayed in the central region via dynamical friction (cf. §1.6.1, Tremaine
et al., 1975). (ii) The in-situ scenario proposes instead that NSCs build up through
the collapse of gas that accumulates in the galaxy nucleus, then undergoing bursts
of star formation (Milosavljević, 2004; Aharon and Perets, 2015).
Clues on the origin of NSCs may come from observational grounds: NSCs exhibit a
complex star formation history, and contain a mixture of stellar populations whose
ages range from a few Myr to ∼10 Gyr (Rossa et al., 2006; Kacharov et al., 2018).
On the one hand, the presence of very young stars would imply that at least part
of the NSC mass builds up in-situ; however, as Antonini et al. (2015b,a) suggest,
both proposed formation scenarios probably play a relevant role in the genesis of
the densest stellar clusters in the Universe.
1.2.2 Galaxy cores
Stellar spheroids brighter that ∼ 1010.3L not only lack NSC, but often exhibit a
central deficit in the surface brightness, compared with an inward extrapolation of
their Sérsic profile (as in the right-hand panel of Fig 1.1; Kormendy, 1985). The
central voids (historically referred to as cores) typically extend for rc ∼ 10− 103
pc.
Aside from cores, the structural properties of the bright ellipticals are in continuity
with the features of their fainter (and less extended) counterparts (Graham et al.,
2003; Graham and Guzmán, 2003; Trujillo et al., 2004). One may thus infer that
a mechanism has acted to devoid the brighter ellipticals of their central luminous
mass.
Clues on the matter may come from an estimate of the ‘missing’ mass inside a
core, mdef . This generally translates in computing the difference in integrated
mass between the observed density profile, ρ(r), and an inward extrapolation of
the outer galaxy profile, ρˆ(r) (Milosavljević et al., 2002):
mdef = 4pi
∫ rc
0
(ρˆ(r)− ρ(r)) r2 dr. (1.3)
It turns out that the missing mass is often of the order of the inferred mass of the
central SMBH (Graham, 2004; Ferrarese et al., 2006), implying again a connection
between the most massive SMBHs and the core of their host stellar systems. In
fact, the bulk of nuclear cores are now believed to be carved out via the injection
of large energy amounts operated by binary SMBHs evolving in the galaxy centre
(Begelman et al., 1980, cf. §1.6.1).
1.2.3 A matter of scales
If one wants to understand the dynamical effect of a SMBH on its environment,
the typical radius of its host galaxy (rgal ∼ 1− 100 kpc) has to be compared with
the spatial extent (rh) over which the SMBH gravitational force is non-negligible.
This region is referred to as the SMBH sphere of influence, and its radius is usually
defined as the length enclosing twice the SMBH mass (M•) in stars
M?(r < rh) = 2M•. (1.4)
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Generally, observational astronomers adopt an alternative definition for the influ-
ence radius:
r′h =
2GM•
σ2
, (1.5)
where σ is the uni-dimensional stellar velocity dispersion in the galaxy centre. This
second quantity has the advantage to be easily estimated by observers. A useful
scaling for r′h can be obtained by exploiting the relations that will be presented in
the next section(2),
r′h ≈ 35 pc × (M•/108M)0.56. (1.6)
Although the gravitational pull of a SMBH is non-negligible at r ≈ rh, stellar tra-
jectories can be safely described as Keplerian ellipses only at scales ∼ 0.1rh, where
the SMBH influence significantly exceeds that of the extended mass distribution.
The Keplerian approximation breaks down again at the smallest scales: when an
object approaches the SMBH at separations of a few to a few tens Schwarzschild
radii (rs, Eq. 1.1), orbital velocities reach significant fractions of the light speed,
and General Relativity is required to give a proper description of the orbital mo-
tions near the SMBH (Merritt, 2013a).
From the characteristic length-scales described above, it is evident that the SMBH
fingerprint can be detected only within a tiny fraction of the galaxy extent, being
rh ∼ 10−5 − 10−3 rgal. The best resolution achievable by modern electromagnetic
telescopes, as the HST, only allows to resolve influence spheres within a few tens
of Mpc in galaxies hosting the largest SMBHs. A corollary to these considerations
is that the relativistic effects induced by the SMBH remain virtually undetectable,
with the noticeable exception of the Milky Way nucleus (Gravity Collaboration
et al., 2018). In spite of all the mentioned complications, a number of rather
compelling SMBH detections have been reported so far.
1.3 Supermassive Black Holes Observability
The SMBHs detection techniques practically translate in the measurement of their
mass M•, and several methods have been identified to serve this purpose (compre-
hensive reviews on the matter can be found in e.g. Kormendy and Ho 2013 and
Peterson 2014). In general, M• is obtained either by test particle measurements,
based on the detection of spatially resolved Keplerian orbital motions of single stars
or maser-emitting gas, or by revealing the ensemble line-of-sight velocity rise
v2 ∝ GM•/r (1.7)
in the integrated light of unresolved stars or gas clouds. An alternative approach,
named reverberation mapping, is used to measure the SMBHmass in Seyfert I active
galaxies via an analogous equation: the delay in the variability of the broad nuclear
emission lines with respect to the continuum emission constrains the extent of the
emitting region (r), while the profile of the spectral features allows to estimate the
velocity of the emitting gas (v).
(2) This scaling has been derived for cored elliptical galaxies, but it provides an order of magnitude
estimate for r′h that remains valid in many different systems (Merritt et al., 2009).
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Fig. 1.2. SMBH masses against the total stellar mass of their host galaxies. The plot
comprises a large set of galaxies with different morphologies and SMBH activity levels.
The gray lines display the M• −Mbulge relation by several authors, including Kormendy
and Ho (2013); elliptical galaxies and classical bulges appear to follow the aforementioned
relation, contrarily to accreting active galactic nuclei (AGNi). The error bar indicates
uncertainties on most of the displayed points. Reproduction of fig. 6 from Colpi and
Sesana (2017); image credit and further details in Reines and Volonteri (2015).
1.3.1 Supermassive black hole – host relations
What matters most is that the aforementioned mass measurements allowed to pin-
point a number of relations connecting SMBH masses to several properties of their
host stellar spheroids. Initially, the SMBH mass was found to correlate with the
K-band luminosity of its bulge via a power-law relation (Marconi and Hunt, 2003;
Kormendy and Richstone, 1995). Given that light is assumed to track luminous
matter, one would also expectM• to scale with the spheroid’s stellar mass (Mbulge,
Fig. 1.2); in fact, it was found that M• ≈ 10−3Mbulge with a small scatter (Magor-
rian et al., 1998; Marconi and Hunt, 2003; Merritt and Ferrarese, 2001).
However, the correlation that most surprised astronomers at the time of its dis-
covery connects SMBH masses to the stellar velocity dispersion σ of their host
stellar systems, M• ∝ σ4.86 (Ferrarese and Ford, 2005; Gebhardt et al., 2000).
The so-called M• − σ relation was considered the most fundamental one, as its
intrinsic scatter was found to be consistent with measurement errors (Ferrarese
and Merritt, 2000; Gebhardt et al., 2000). For this, astronomers started adopt-
ing it for predicting SMBH masses via σ measurements. Today, the M• − σ and
M•−Mbulge relations are both considered goodM• proxies, the latter working well
even in very massive core elliptical galaxies where the M• − σ relation no longer
holds (Kormendy and Ho, 2013).
It has been suggested that even NSC masses correlate with the mass and velocity
dispersion of the surrounding spheroids; Ferrarese et al. (2006) even argue that, in
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galaxies hosting both a NSC and a SMBH, the combined mass of the two compo-
nents correlates better with Mbulge than either mass taken separately. However,
the latter result has been questioned in recent years (Balcells et al., 2007; Scott
et al., 2013; Scott and Graham, 2013).
1.3.2 Physics behind co-evolution
A recurrent idea emerges from the aforementioned relations: SMBHs and their
stellar spheroids ‘get to know about each other’ at some point in their evolution; in
particular, SMBHs affect the properties of their bulges well beyond the influence
radius rh. The reason for this is most probably manifold, but the commonly ac-
cepted explanation is that SMBHs and bulges co-evolve by regulating each other’s
growth: SMBH binding energy is extremely large compared to the bulge energy;
if ≈ 1% of the former couples with gas in the growing stellar system, all gas can
easily get blown up from the galaxy (Haehnelt et al., 1998; Silk and Rees, 1998;
King, 2003). In a nutshell, high redshift (z ∼ 2− 2.5) SMBHs would accrete gas
until their mass sits on the previously mentioned relations, then quenching both
their growth and star formation via intense accretion feedback on galactic scale
(Kormendy and Ho 2013; see Fig. 1.2); this process is usually referred to as AGN
feedback(3). In support to this argument, the mass density of SMBHs in nearby
massive galaxies is compatible with the inferred gas accretion of quasars and ac-
tive galaxies at high redshift (Soltan, 1982; Marconi et al., 2004); furthermore, the
histories of SMBHs growth and star formation in the Universe look remarkably
similar (Madau and Dickinson, 2014).
Although the AGN-feedback theory presented above has many advantages, it has
to be regarded with caution. In fact, the era of feedback driven co-evolution seem to
be over in the present-day Universe: Although some processes may help to maintain
the observed correlations down to z ∼ 0, other mechanisms may progressively wash
them out (Kormendy and Ho 2013; see their sec. 8 for a discussion on the matter).
Furthermore, AGN-feedback theory fails to predict the deviations to the Sérsic
brightness profile observed at the smallest galactic scales.
Additional aspects must be considered to better constrain the physics behind the
SMBH-host correlations. Even if most of the SMBHs growth seem to result from
gas accretion, other events are known to participate in the process. Tidal disrup-
tion of stars on low angular momentum orbits, together with the gravitational wave
(GW) induced decay of stellar mass compact objects onto SMBHs help increase
SMBH masses. Most importantly, galaxies are observed to aggregate via repeated
collisions of smaller galactic fragments, a fraction of which could host a SMBH from
early times. Thus, galaxy mergers at all redshifts grow concurrently larger SMBHs
in larger stellar hosts (Begelman et al., 1980), the former possibly coalescing via
intense radiation of GWs (Thorne and Braginskii, 1976). The unavoidable aver-
aging in SMBH and bulge masses that result from multiple galaxy merger events
(in the assumption that SMBHs merge soon after their hosts, and keep sitting
(3) In fact, it can be shown that energy driven accretion feedback naturally produces a relation
in the form M• ∝ σ5, while momentum driven feedback yelds M• ∝ σ4; reassuringly, the two
dependencies bracket the actual, observed M• − σ relation (Haehnelt et al., 1998; Silk and
Rees, 1998).
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in the galaxy centre afterwards) possibly produces, or at least helps maintaining,
the scaling relations presented in the previous section (e.g. Peng, 2007). Defining
themselves as ‘heretic’, Kormendy and Ho (2013) propose that it is possible that
merger averaging is at least as important as feedback-driven coevolution in creating
the observed SMBH-host galaxy correlations.
1.3.3 The gravitational wave revolution
The importance of SMBHs coalescence is not limited to the merger-averaging the-
ory described above. SMBHs coalescence, as well as the inspiral of stellar mass
compact objects onto SMBHs (the so-called extreme mass ratio inspirals, EM-
RIs), are driven by the emission of GWs, ripples in the fabric of spacetime radiated
by accelerated gravitational masses. Albeit being a prediction of 1915 Einstein’s
theory of Relativity (Einstein and Lawson, 1961), GWs have not been directly de-
tected until 2015, when the LIGO collaboration first revealed the signal from two
merging stellar mass BHs (Abbott et al., 2016), marking the beginning of a new
era for Astronomy.
Binary (stellar and/or supermassive) BHs are ideal sources for detectable GWs.
First of all, binarity is needed as GWs are released by at least quadrupolar variations
in the gravitational potential, thus sperically or axi-simmetric sources do not serve
the purpose. The fact that BHs are the most compact objects in the Universe
also matters. GW detectors measure the GW strain h = ∆L/L, i.e. the relative
variation in the spatial length L due to the wave passage. It can be shown that
h ∝ G
2m1m2
ac4
1
D
≈ 2× 10−20
(
m12
106M
)2 ( a
10−3 pc
)−1 ( D
100 Mpc
)−1
, (1.8)
where m1 and m2 are the involved masses (m12 =
√
m1m2), a is the binary semi-
major axis and D is the distance from the emitting source (see e.g. Misner et al.,
1973; Le Tiec and Novak, 2017). Eq. 1.8 implies that objects that can get extremely
close to each other prior to their merger, as BHs and NSs, are optimal sources of
GWs.
Before the GW-induced coalescence, the GW frequency roughly equals twice the
orbital frequency of the emitting Keplerian binary, i.e. ωGW = 2
√
G(m1 +m2)/a3.
Knowing that two BHs roughly merge when their separation drops below∼ rISCO =
6G(m1 +m2)/c2, one can obtain the highest GW frequency emitted just prior to
coalescence as a function of the BH binary total mass (Misner et al., 1973; Le Tiec
and Novak, 2017)
ωGW,final =
2c3
63/2G(m1 +m2)
≈ 27.6 mHz
(
m1 +m2
106M
)−1
. (1.9)
Fig. 1.3 shows the characteristic strain against the GW frequency for a variety of
GW sources and the associated detectors. The currently available ground-based
detectors LIGO and VIRGO can only reveal GW mergers of stellar mass and
intermediate mass BHs; phenomena involving SMBHs will be observed either by the
already operational Pulsar Timing Array, which uses accurate timings of pulsating
NSs to detect merging SMBHs with masses of ∼ 109M (Hobbs and Dai, 2017),
or by space-borne laser interferometers as the forthcoming LISA observatory, the
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Fig. 1.3. Plot of the characteristic strain against the GW frequency for a variety of sources,
combined with the limiting sensitivity of the associated detectors: (i) the Pulsar Timing
Array, which is already operational and using the very accurate timings of pulsars to observe
GWs from low frequency sources as & 109M SMBH mergers; (ii) LISA, the space-borne
interferometer that will observe, inter alia, mergers of ∼ 104 − 106 SMBHs and EMRIs on
SMBHs of the same size; (iii) the operational, high-frequency ground based interferometers
LIGO and VIRGO. The latter instruments can observe GWs released in the coalescence
phase of stellar mass compact objects (BHs, NSs, white dwarfs); they already revealed
signals from 4-5 BH binaries and one NS binary. Image produced via gwplotter.com; see
Moore et al. (2015) for further details.
ESA L3 mission whose launch is planned for the early 2030s (Amaro-Seoane et al.,
2017). The variety of sources detectable by the low-frequency LISA mission include
mergers between 104 to 106M SMBHs, and EMRIs onto SMBHs of the same size.
The opening of a low-frequency GW window is crucial for a number of reasons.
GW detections will provide exquisite measurements of SMBH masses, spins and
distances, making it possible to trace the origin and history of the small-sized
SMBHs via their mergers across all stages of galaxy evolution (up to z ∼ 20).
At z . 1, EMRI detections will provide a probe for testing general relativity,
investigating the dynamics of dark relic stars in close vicinity to a SMBH and
exploring the occupation fraction of small-sized galaxies by IMBHs (e.g. Colpi,
2014; Colpi and Sesana, 2017; Amaro-Seoane et al., 2017).
However, BHs and other compact objects have to find themselves at extremely small
distances in order for their orbital energy to be effectively drained via GWs. The
detailed study of the gravitational radiation generated by the motion of two point
masses has been first performed by Peters (1964), who provided an approximated
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estimate of the time required by a compact binary to reach the final coalescence
tgw =
5
256
c5
G3
1
f(e)
a4
µ(m1 +m2)
≈
≈ 14 Gyr
f(e)
(
a
0.7 mpc
)4 ( µ
104 M
)−1 (m1 +m2
106M
)−2
;
(1.10)
here µ = m1m2/(m1 +m2) is the reduced mass of the binary. In order for two
emitting objects to coalesce within a Hubble time, extraordinarily small separations
(and, possibly, very high eccentricities) must be reached: the typical spatial scale
is as small as ∼ 1 mpc for two Milky-Way like SMBHs.
In the framework of stellar mass compact objects, stellar evolutionary processes
occurring in binaries may significantly help shrinking the pair down to the scale at
which GW emission becomes significant (e.g. Mapelli, 2018). However, in most as-
trophysical scenarios, violent stellar dynamical events are required in order for GWs
to bring a compact stellar or supermassive binary to its ultimate coalescence (e.g.
Celoria et al., 2018). For this, the next section briefly reviews several dynamical
processes relevant in the study of galactic nuclei and GW sources.
1.4 Stellar dynamics near supermassive black holes
Stellar dynamics is crucial for the study of galactic nuclei harbouring SMBHs.
Apart from GW-source generation, the study of stellar motions is relevant as galac-
tic nuclei are often the densest regions in the Universe, thus they are natural places
where to look for the most extreme dynamical events to occur (Phillips et al., 1996;
Prodan et al., 2015), including the generation of stellar cusps and tidal disruption
events. In what follows we touch upon the dynamical phenomena that can be as-
cribed to the accumulation of two-body close and distant encounters between stars
or more massive objects.
1.4.1 Two-body relaxation
In the framework of stellar dynamics, a galactic nucleus is a self gravitating sys-
tem, as its internal dynamics is determined by its mass distribution. If in an
equilibrium state, it can be approximated as a steady-state system in which the
gravitational potential is a smooth and continuous function of the position, and
each star conserves its orbital energy over time. However, if one waits for long
enough, gravitational two-body interactions between stars(4) cause them to signifi-
cantly change their orbital energy, and the whole system loses memory of its initial
properties. Such time period is called relaxation time (Spitzer, 1988; Binney and
Tremaine, 1987)
tr =
0.34σ3
G2m?ρ lnΛ
≈ 1010yr
(
σ
200km s−1
)3 ( ρ
106 Mpc−3
)−1 ( m?
M
)−1 ( lnΛ
15
)−1
.
(1.11)
(4) In this section, we will generally refer to the gravitational masses that constitute a self-
gravitating system as ‘stars’ or ‘particles’. In general, the phenomena discussed in this section
are applicable to systems of different nature and constituents, including galaxies, dark matter
halos and clusters of galaxies.
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Fig. 1.4. Left-hand panel: relaxation time of several galactic nuclei, evaluated at radius
rh, as a function of the one-dimensional velocity dispersion of the system. Filled symbols
represent galaxies in which the SMBH influence radius is resolved, while the star represents
the Milky Way nucleus. A complete sample of early type galaxies in the Virgo cluster is
displayed (Côté et al., 2004); image credit: Merritt et al. (2007b). Right-hand panel: the
massive object in the origin travels from left to right. Dynamical friction acts to slow down
the body, as gravitational focusing enhances the stellar density at its back. The lines show
equal stellar density contours. Image credit and further details in Mulder (1983).
Here m? is the mean stellar mass in the system, ρ is the stellar density, σ is
the one-dimensional velocity dispersion and lnΛ ≈ ln(r2/r1) is the Coulombian
Logarithm, r1 and r2 being respectively the minimum inter-particle distance and
the system extent. lnΛ is best approximated by ln(M•/m?) within the SMBH
sphere of influence (Merritt, 2013a). A manipulation of Eq. 1.11 yields
tr ∼ NlnN tc (1.12)
where tc = R/σ is the crossing time of the system and R is its typical radius; that
is, tr substantially depends on the number N of particles in the system.
The relaxation time is used to distinguish between collisionless and collisional
systems, i.e. systems whose typical age is respectively shorter and longer than
their tr. Typical collisional systems include globular and galaxy clusters, while
massive galaxies and dark matter haloes can be safely assumed to be collisionless.
Galactic nuclei lie on a middle ground, as their relaxation time is often close to
the age of the Universe (Merritt, 2013a). The left-hand panel of Fig 1.4 shows
relaxation times for galactic nuclei as a function of σ, which can be easily translated
into the SMBH mass via the M• − σ relation (Ferrarese et al., 2006). As a rule of
thumb, SMBHs more massive than ∼ 107M can generally be assumed to reside
in collisionless nuclei, if one evaluates tr at the edge of the SMBH influence sphere
(Merritt, 2013a). A large fraction of galactic nuclei, including the Galactic Centre,
are probably not fully collisionless, but not old enough for gravitational encounters
to have completely ‘washed out’ their primitive properties – thus, to some degree,
they should still reflect the details of their formation process.
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1.4.2 The Bahcall-Wolf solution
An important prevision of the relaxation theory is that stars orbiting a SMBH over
a timescale longer than ∼ tr are expected to redistribute in a universal mass profile:
they develop a Bahcall-Wolf density cusp ρ(r) ∝ r−γ within the SMBH influence
radius, with γ = 7/4 in the assumption of a single mass group (Bahcall and Wolf,
1976). Initial searches for SMBHs in galactic nuclei actually consisted in looking
for central enhancements in the stellar density (Peebles, 1972a,b), but this strategy
was found to be flawed for several reasons. Among them: (i) recent star formation
(Aharon and Perets, 2015; Baumgardt et al., 2017) and galaxy mergers (especially
those involving SMBH binaries, Milosavljević and Merritt 2003a) alter the nuclear
stellar distribution and virtually turn back dynamical clock of the system; (ii)
the presence of massive dark stellar remnants (BHs, NSs) in the nuclear region
significantly alters the expected slope γ of the visible, lighter stars (e.g. Bahcall
and Wolf, 1977; Preto and Amaro-Seoane, 2010).
1.4.3 Dynamical friction
Another important dynamical insight helps to understand why SMBHs usually
reside at the very centre of their host stellar spheroids. When a heavy object of
mass M  m? and velocity vM is travelling into a stellar aggregate, gravitational
encounters with lighter stars slow down the subject body, which experiences the
so-called dynamical friction (Chandrasekhar, 1942, 1943). Stars are deflected by
the massive satellite in such a way that the density of background stars behind M
is greater than in front of it. The trailing overdensity (Fig. 1.4, right-hand panel)
exerts a drag force parallel and opposite to vM , and the massive body gradually
inspirals towards the centre of the system. Assuming that the host stellar system
has a density profile which can be described via ρ = σ2/(2piGr2) (a singular
isothermal sphere), where σ is the position-independent one-dimensional velocity
dispersion, the timescale needed by the subject mass to reach the nucleus is roughly
tdf =
2.3Reσ2
lnΛGM ≈ 17 Gyr
6.6
lnΛ
(
Re
10kpc
)2 ( σ
300km s−1
)(
M
108M
)−1
, (1.13)
where Re is the effective radius of the host system, at which the infalling mass is
supposed to initiate its inspiral. The previous equation is derived in the assump-
tion that only stars whose velocity is lower that the velocity of the infalling body
(here assumed to equal σ) participate in the frictional force. Nevertheless, the
aforementioned equation works remarkably well in a large number of astrophysical
systems (e.g. Tremaine and Weinberg, 1984). It is worth mentioning that Eq. 1.13
can be manipulated to show that tdf ∼ tr (m?/M); this scaling does not appear
incidentally: in fact, both relaxation and dynamical friction share the same driver,
i.e. stellar encounters.
The consequences of dynamical friction are manifold, and are particularly relevant
in galactic nuclei. Dynamical friction is likely responsible for processes as galaxy
mergers (e.g. Peirani et al., 2010), the orbital decay of massive stellar clusters
and galaxy satellites (Gan et al., 2010; Arca-Sedda and Capuzzo-Dolcetta, 2014)
– provided that they survive the galactic tidal shear (Merritt, 1984; Colpi et al.,
1999) – and the early inspiral of SMBH pairs (Begelman et al., 1980; Dosopoulou
and Antonini, 2017).
Elisa Bortolas, Doctoral Thesis 25
1.4.4 Mass segregation
A further consequence to dynamical friction and relaxation is mass segregation
(Spitzer, 1988). Stellar systems are typically composed of a population of stellar
objects ranging from light main sequence stars (∼ 0.1M) to massive stellar BHs
(a few ×10M). If the fraction of heavy stellar objects (with mass mheavy) is low,
dynamical friction induces their gradual clustering near the centre of the system
over t ∼ tr(m?/mheavy) (strong mass segregation regime; Alexander and Hopman,
2009; Preto and Amaro-Seoane, 2010); if the heavy stellar population is dominant
instead, the same clustering is driven by self scatterings among the massive stellar
population over ∼ tr (Bahcall and Wolf, 1977).
In general, heavy stellar objects aggregate around a SMBH more strongly than
the lighter stars, and this has important implications for the Bahcall-Wolf cusp
development (Merritt 2013a; §1.4.2). If the dark stellar relics dominate the mass
distribution, they roughly follow a Bahacall-Wolf profile (ρ ∝ r−γ , γ ≈ 7/4) at
the smallest radii, which turns steeper further out, where massive relics cease to
dominate the density profile; the dark cusp gets even steeper if the dark and massive
objects are sub-dominant (Alexander and Hopman, 2009; Vasiliev, 2017). As a
result of mass segregation, the lighter stars in the system get scattered outwards
and they distribute into a somewhat shallower cusp with typically 3/2 . γ . 7/4.
All these facts tangle the observations of density cusps in galactic nuclei, as even
dynamically relaxed systems should exhibit a density cusp whose slope significantly
depends on the amount of the dark stellar relics.
1.5 The Galactic Centre
The main complication in exploring extreme dynamical processes occurring in
galactic nuclei is their distance, which limits astronomers to the observation of
stellar lights integrated over several (tens of) parsecs. This difficulty can be cir-
cumvented by studying what is by far the closest galactic nucleus to us, the Galactic
Centre (GC, Fig. 1.5). Being only ≈ 8.3 kpc away (Gillessen et al., 2017), the GC
is the sole nucleus where single stars can be tracked along their orbits on scales
of the mpc, exploiting HST or adaptive optics infrared observations (e.g. Schödel
et al., 2002; Ghez et al., 2003). For this, the GC is the best known galactic nucleus
in the Universe.
1.5.1 The Galactic Centre environment and its nuclear star cluster
The GC is an extremely rich environment (Melia, 2003; Genzel et al., 2010; Mapelli
and Gualandris, 2016): most remarkably, it hosts the radio source SgrA* (Balick
and Brown, 1974; Brown, 1982), that has been identified as a 4.3× 106M SMBH
beyond any reasonable doubt (e.g. Schödel et al., 2002; Ghez et al., 2008). De-
spite the SMBH presence renders the innermost parsecs of our Galaxy a hostile
region, prolonged observations of this area have revealed that the SMBH is in fact
surrounded by a very lively environment.
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Fig. 1.5. View of the GC at different scales and centered on the radio source SgrA*. a)
Extinction-corrected Spitzer/IRAC image of the Milky Way bulge; b) ISAAC zoom-in of
the area marked by the cyan box in (a), i.e., the NSC; c) NACO/VLT holographic image
of the innermost 0.5 pc, marked with a white square in (b); the innermost arcsecond
(containing the S-star cluster) is surrounded by a black circle. Image credit and further
details in Schödel et al. (2014b).
The nuclear star cluster
First of all, SgrA* is embedded in the closest known NSC (Gillessen et al., 2012).
The NSC is observed to have a mass of ∼ 2× 107M and half-light radius of ≈ 4
pc (Schödel et al., 2014a,b). Owing to its vicinity, to the SMBH presence and to
its extreme density, this NSC possibly represents the best region in the Universe
where to explore the occurrence of the previously described dynamical processes
in the vicinity to an SMBH (§1.4). In addition, the Milky Way NSC looks like a
prototypical NSC, thus it can serve as a benchmark for the more distant, unresolved
galactic nuclei (Schödel et al., 2014a).
A gas-rich environment
The central 20 pc of the Milky Way are rich of gas, both in atomic, molecular
and ionized form; such gas reservoirs are distributed in a series of structures near
the dormant central engine (see e.g. the review by Mapelli and Gualandris 2016).
The closest region to the SMBH is also populated by peculiar gaseous objects:
two faint and dusty cloudlets, named G1 and G2, have been found to orbit the
massive giant along highly eccentric trajectories (Clénet et al., 2004a,b; Ghez et al.,
2005; Gillessen et al., 2012; Pfuhl et al., 2015); very recent observations revealed
the existence of at least three further G-objects, whose inferred properties match
those of G1 and G2 (Keck Observatory, 2018). G2 reached its periapsis in 2014,
approaching the SMBH to ∼ 200 AU. Surprisingly, it was not completely disrupted
by the SMBH, as it would be expected for a low-density gas cloud (Witzel et al.,
2014). G1 and G2 have been extensively studied since their first discovery: they
have been proposed to be gas clouds (Schartmann et al., 2012), dust-enshrouded
low-mass stars (Burkert et al., 2012; Ballone et al., 2013; Prodan et al., 2015) or
planetary embryos (Mapelli et al., 2005), but the origin of the compact cloudlets
remains debated.
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The cusp of old stars
The GC stellar population is very heterogeneous. The bulk of stars (≈ 80%)
probably formed more than 5 Gyr ago, and they are possibly coeval to the Milky
Way bulge (Pfuhl et al., 2011). Owing to its age, the stellar population at the GC
would be expected to distribute in a relaxed cusp (Bahcall and Wolf, 1976), that
should be detected via the observation of red clump stars: luminous red giants
should be both sufficiently bright (Ks ≈ 15.5) to be resolved in the crowded and
extinction-affected GC environment, and old enough to be a proxy for the relaxed
stellar population at the GC.
Albeit the red giants density profile looks consistent with the Bahcall-Wolf profile
on scales & 1 pc (Schödel et al., 2014a), the giants density cusp seems to break at
the innermost ∼ 0.5 pc, turning into a flat or even declining profile (Alexander,
1999; Buchholz et al., 2009; Do et al., 2013). Only very recently, the apparently
missing inner cusp has been finally detected via the deep observations of resolved
and unresolved fainter giants and sub-giants, down to magnitude Ks ≈ 18.5 (Left-
hand panel of Fig. 1.6; Schödel et al., 2017a; Gallego-Cano et al., 2017); the
measured density profile of such dimmer population looks shallower (γ ≈ 1.2)
than the Bahcall and Wolf solution (γ = 1.75), but it is consistent with numerical
models accounting for recent star formation episodes and for the presence of an
undetectable cusp of dark remnants (Aharon and Perets, 2015; Baumgardt et al.,
2017; Vasiliev, 2017).
The missing cusp problem turned into a missing giants problem in the innermost
parsec: the apparent dearth of bright red clump stars within 0.5 pc has been
proposed to be a result of giant envelopes being stripped either by collisions with
other stars (Genzel et al., 1996; Bailey and Davies, 1999) or by the interaction
with a gaseous thick disc that subsequently fragmented into stars, and possibly
gave birth to the currently observed young population at the GC (Amaro-Seoane
and Chen, 2014; Kieffer and Bogdanović, 2016).
The early-type stars
∼ 200 young (∼ 4− 8 Myr), massive stars, mostly of O and Wolf-Rayet type, are
observed within the Milky Way central parsec (e.g. Paumard et al., 2006; Bartko
et al., 2009). About ∼ 20− 50% among them have been found to lie in a disc-like
structure extended between 0.04 and ∼ 0.13 pc, which is generally referred to as
the clockwise (CW) disc, and whose total estimated mass is of a few ×104M (Do
et al., 2013; Lu et al., 2013; Yelda et al., 2014); the stars in the disc are observed to
have a mild (≈ 0.3) but non-zero orbital eccentricity (Yelda et al., 2014). Although
most of the stellar formation at the GC probably followed a Kroupa (2001) initial
mass function (Pfuhl et al., 2011), the most recent episode associated to the CW
disc formation seems compatible with a top-heavy initial mass function (Lu et al.,
2013).
The CW disc of young stars is truncated at the innermost arcsecond. A cluster
of ≈ 50 fainter and possibly lower mass (8− 14M) B-type stars, named S-stars,
orbit the SMBH at distances smaller than ∼0.04 pc (Morris, 1993; Ghez et al.,
2003; Gillessen et al., 2017). If one excludes the ≈ 8 S-stars that are compatible
with being CW disc members, the cluster orbits are consistent with being spatially
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Fig. 1.6. Left-hand panel: projected stellar density versus the projected distance from the
SMBH in the GC. Number densities of sub-giants and main sequence stars (blue) and red
clump stars (green) are from Gallego-Cano et al. (2017); the surface light of unresolved
stars (black) is from Schödel et al. (2017a). The red line is the best theoretical model
fitting the data. Image credit and further details in Schödel et al. (2017b). Right-hand
panel: inferred orbits of some among the S-stars, as obtained by Gillessen et al. (2009).
isotropic (right-hand panel of Fig. 1.6), while their eccentricity distribution well
matches the thermal one, i.e., n(e) ∝ e (Gillessen et al., 2017).
Remarkably, the infrared monitoring of single S-cluster orbits provided the most
compelling proof of the SMBH presence (e.g. Schödel et al., 2002; Ghez et al., 2003,
2005, 2008). In particular, the 14 M S2 star (Habibi et al., 2017) has the best
resolved close orbit, and its tracking produced the tightest constraints on the SMBH
mass and distance (Ghez et al., 2008; Gillessen et al., 2017; Gravity Collaboration
et al., 2018).
The missing pulsars
Based on the large number of massive stars, one would expect a large population
of NSs in the Milky Way innermost region (up to few thousands within 0.01 pc,
according to Pfahl and Loeb 2004), but only one was unambiguously observed so
far: PSR J1745-2900, a magnetar orbiting SgrA* with 0.1 pc of projected separation
(Kennea et al., 2013; Mori et al., 2013; Rea et al., 2013). A strong interstellar
scattering screen toward the GC has been suggested to impede the observation of
the bulk of pulsars (e.g. Macquart and Kanekar, 2015); however, the magnetar
detection would rather suggest that the lack of NS observations implies an intrinsic
dearth of this stellar species near the SMBH (Dexter and O’Leary, 2014).
1.5.2 Unexpected star formation in the inner parsec
The SMBH presence has long been thought to hinder star formation in its close
vicinity, as molecular clouds should get disrupted by the strong SMBH gravitational
potential prior to turning into stellar nurseries (Sanders, 1998). However, numerous
young stars are observed in the GC innermost parsec: this is the famous paradox
of youth (Ghez et al., 2003).
Different scenarios have been invoked to solve it: according to migration models,
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Fig. 1.7. A gaseous disc is produced via the disruption of a ∼ 105M molecular cloud onto
a Milky-Way like SMBH. The image shows the logarithmic gas density map projected in
the plane where the disc is seen face-on. The image refers to a snapshot at t = 0.48 Myr
in run E of Mapelli et al. (2012); image credits: Gualandris et al. (2012b).
stellar clusters could form at large distances, then gradually inspiralling via efficient
dynamical mechanisms down to the SMBH influence area (Kim and Morris, 2003;
Fujii et al., 2008; Perets et al., 2009; Perets and Gualandris, 2010). However,
a cluster should be very dense and massive in order to get to the innermost pc
within the lifetime of its massive stars (Kim et al., 2004): Petts and Gualandris
(2017) showed that even in the most extreme assumptions for the cluster mass and
density, the morphology of young stars at the GC is hardly reproduced via this
scenario.
The alternative in situ scenarios assume instead that star formation could efficiently
occur close to the SMBH under particular conditions. It has been proposed that
the tidal disruption of a molecular cloud operated by the SMBH may result in
extended star formation within the resulting circumnuclear gaseous disc (Fig. 1.7;
Sanders 1998; Nayakshin and Sunyaev 2005; Nayakshin et al. 2007; Bonnell and
Rice 2008; Mapelli et al. 2012; Alig et al. 2013). This model is supported by the
fact that stars formed in situ would naturally exhibit a top-heavy mass function
if the GC background temperature is &100 K (Mapelli et al., 2012). However,
the observed non-negligible stellar orbital eccentricities within the CW disc (<
e >= 0.3± 0.1, Yelda et al. 2014) require a fine tuned orbit for the cloud infall,
that should occur nearly radially (Wardle and Yusef-Zadeh, 2008); such free-fall
trajectory could possibly result from cloud-cloud collisions that seem to often occur
at larger distances (Tsuboi et al., 2015, 2018). Alternatively, Naoz et al. (2018)
suggested that the non-negligible orbital eccentricities observed in the disc could be
an observational artefact, if most stars in the disc are members of stellar binaries;
if it were the case, the actual disc membership of young stars would be much higher
than the number inferred from observations ignoring the contribution of binaries.
Alternative explanations for the fact that only a fraction of young GC stars belong
to the CW disc have been put forward: e.g. the contribution of SN kicks and
two-body encounters with single and binary stars (Perets and Alexander, 2008;
Bortolas et al., 2017; Trani et al., 2018).
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Fig. 1.8. Distribution of birth velocities of Galactic pulsars (bars), based on the observation
of 233 pulsar proper motions. The distribution is well described by a Maxwellian, with a
mean of ≈ 400 km s−1 and a velocity dispersion of 265 km s−1. Image credit, data and
further details in Hobbs et al. (2005).
If the origin of stars in the disc is enigmatic, the genesis of the S-star cluster is even
more debated. The thermal eccentricity distribution of S-stars and their isotropic
orbital orientation would suggest that their origin is not linked to the CW disk.
An interesting possibility is that S-stars are deposited on their current orbits as
a result of tidal breakup of field stellar binaries approaching the SMBH (the so-
called Hills mechanism, Hills 1991). One of the two components in the broken
pair would remain bound to the SMBH on a highly eccentric orbit (e & 0.97),
while the second would be ejected as a hyper-velocity star. This scenario has
been regarded as promising as it can explain both the S-star orbits (provided that
dynamical processes are successful in thermalizing orbital eccentricities, Hopman
and Alexander 2006; Perets et al. 2009; Perets and Gualandris 2010; Antonini
et al. 2010, 2011; Antonini and Merritt 2013) and the observation of several hyper-
velocity stars in the Milky Way, a few of them being consistent with a GC origin
(e.g. Brown et al., 2005, 2015, 2018).
Alternatively, it has been proposed that the S-stars could be rejuvenated old stars
that underwent either a stellar merger or severe atmosphere alteration via envelope
stripping (Lee, 1987; Davies and King, 2005).
The most recent estimate of stellar ages of eight among the S-stars (Habibi et al.,
2017), though, indicates that they are genuinely coeval to the CW disc. S2 would
be ≈ 7 Myr old, while the other stars in the sample appear to be . 15 Myr
old, and consistent with the age of S2 within the errors (Habibi et al., 2017).
This finding would lead to believe that the S-stars were born in the recent star
formation episode that generated the CW disc stars as well. In this picture, the
thermal eccentricity and spatial isotropy of S-stars could have been generated via
Kozai-Lidov-like processes (Kozai, 1962; Lidov, 1962), acting (i) on S-stars born in
a previously more extended CW disc (Chen and Amaro-Seoane, 2014) or (ii) on
binary stars initially in the CW disc, that later underwent the Hills mechanism
(Šubr and Haas, 2016).
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1.5.3 The supernova kicks at the Galactic Centre
The presence of young stars in the innermost GC parsec, combined with the fact
that stars seem to form there in a top-heavy fashion (thus favouring the production
of massive stars with respect to the field), suggests that a number of SN explosions
have occurred in the GC, and many more will happen in the next few million years.
This argument is supported by the fact that Sgr A East, a gaseous shell displaced
2.5 pc from SgrA*, is most probably a SN remnant aged ∼ 104 yr (Novak et al.,
2000; Maeda et al., 2002; Tsuboi et al., 2009). The dynamical consequences of
multiple SN events occurring in the close vicinity to SgrA* can be manifold: for
instance, Perets et al. (2008) propose that repeated SN kicks in stellar binaries
within the CW-disc, combined with efficient two-body scatterings, could motivate
the fact that only a fraction of young stars in the GC belong to the CW-disc; the
effect of SN-kicks in triplets (the third body possibly being a SMBH) has recently
been investigated from a in great theoretical details by Lu and Naoz (2018).
When a SN event occurs, the asymmetric expulsion of the stellar ejecta likely re-
sults in a net kick imparted to the newborn stellar relic. In fact, the analysis of
233 Galactic pulsar proper motions, operated by Hobbs et al. (2005), indicates a
Maxwellian distribution for SN kicks(5) affecting NSs, with one-dimensional vari-
ance σk = 265 km s−1 (Fig 1.8).
The elusive nature of stellar BHs renders the inference of their natal kick distri-
bution significantly more challenging. Repetto et al. (2012, 2017) analysed the
allocation of X-ray binaries in the Milky Way halo, and deduced that the velocity
distribution of BH kicks should be similar to the NSs one. On the other hand, the-
oretical arguments support the idea that BHs experience lower kicks, having the
same momentum (rather than the same speed) as NS ones; in fact, a often adopted
momentum based approach consists in either normalising the BH kick to the mass
of the ejected material, or to the mass of the final remnant (Hurley et al., 2002;
Spera et al., 2015). Furthermore, it is generally believed that the most massive stel-
lar BHs cannot experience a SN kick, as they are expected to form via the direct
collapse of their progenitor (Fryer et al., 2012; Mapelli et al., 2013b). In general,
thus, the velocity distribution of SN kicks remains highly debated, especially if the
newborn object is a stellar BHs.
1.5.4 Supernova kicks in binary stellar systems within the CW disk
The large number of SN kicks that most probably interested the history of the GC
could have played a relevant dynamical role: owing to their inferred high velocities
(Hobbs et al., 2005), SN kicks may strongly perturb the orbit of the newborn
compact stellar remnants, possibly reshaping the density distribution of stars and
dark relics in the vicinity to SgrA* (Bortolas et al., 2017; Lu and Naoz, 2018).
Motivated by this, In Chapter 2 we run a large suite of three-body highly accurate
(regularized, Mikkola and Tanikawa 1999a,b) simulations to investigate what is
the role of SN kicks occurring in massive stellar binaries within a CW disc-like
structure. Our choice to deal with binaries stems from the fact that massive stars,
(5) Possibly, a superposition of two Maxwellians, a second one with σ′k ≈ 20− 50 km s−1, would
better match observations and account for different mechanisms of SN explosions and NS
formation (Beniamini and Piran, 2016; Giacobbo and Mapelli, 2018, and references therein).
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as the ones observed in large numbers within the central parsec, are often found to
be born in pairs (Sana and Evans, 2011); plus, the binary fraction in the CW disc
has been inferred to lie in the range ≈ 30− 85% (Pfuhl et al., 2014; Gautam et al.,
2017).
Our investigation provides interesting clues on several GC long-standing puzzles.
First of all, we find that SN kicks do not change significantly the orbits of newborn
stellar mass BHs(6). As a result, several CW-disc like star-forming episodes may
have built-up a inner concentration of BHs (Bortolas et al., 2017). This effect may
add to mass segregation, and increase the density of massive stellar relics in the
innermost GC region. The inferred presence of a dark cusp is supported by several
arguments:
(i) the mild slope of of the recently observed luminous stars profile at the GC
(Schödel et al., 2017a; Gallego-Cano et al., 2017) could be justified assuming
that a steeper, dark cusp of stellar relics lurks in the close vicinity to SgrA*
(cf. §1.5.1; Vasiliev, 2017; Baumgardt et al., 2017);
(ii) a dark cusp of at least 500 M within the innermost 0.4 pc would help to
reproduce the isotropic orbits of S-star, in the hypothesis that the S-cluster is
generated via a combination of the Hills (1991) and Kozai-Lidov mechanism
(Kozai, 1962; Lidov, 1962) acting on binaries initially belonging to the CW
disk (cf. §1.5.2; Šubr and Haas, 2016);
(iii) Hailey et al. (2018) recently reported the detection of a dozen quiescent accret-
ing X-ray binaries, settled in a density cusp in the central Milky Way parsec,
strongly supporting the existence of hundreds of compact binary systems in
the GC, and probably many more isolated BHs.
Contrarily to stellar BHs, our investigation suggests that NS and low mass sec-
ondary binary member orbits get strongly affected by the SN kick. In general,
these objects are scattered away from the SMBH, possibly becoming unbound
hyper-velocity stars (≈ 5%); otherwise, they end up swiping higher energy or-
bits, enhancing their orbital eccentricity and inclination (Bortolas et al., 2017).
This aspect could be closely related to the missing pulsars problem: the effect of
SN kicks acting on NSs in the innermost parsec may at least help to reduce the
number of pulsars inhabiting the central region of the Milky Way.
Finally, the effect of SN kicks is relevant for secondary binary members: when the
kick does not unbind the pair (≈ 40% of cases), the system might light-up as an
X-ray binary through Roche lobe filling; when the pair gets broken, instead, the
produced stellar trajectories of companion stars might explain the highly eccentric
orbits of some among the S-stars and G-cloudlets (Bortolas et al., 2017).
1.5.5 Supernova kicks in the Galactic Centre as EMRI generators
There is a second important consequence to SN kicks in galactic nuclei that deserves
investigation, i.e. whether they can possibly induce the generation of EMRIs. In
the standard picture, an EMRI is triggered if a stellar mass compact object is
(6) In the assumption that BH velocity kicks get smaller if the BH mass increases, i.e., adopting
a momentum-based approach for the SN kick.
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Fig. 1.9. The image qualitatively depicts the process inducing an EMRI via a SN kick.
A massive star initially spans a high angular momentum orbit around the SMBH (blue
dashed line); when it undergoes the SN, its orbital velocity gets instantaneously modified,
thus the orbit of the generated dark stellar relic could be significantly different. If the
SN kick velocity almost cancels out with the instantaneous orbital velocity of the star (as
shown in the figure), the final remnant would settle onto a nearly radial orbit (black dotted
line) and its GW inspiral timescale may become shorter than the timescale for other orbital
perturbations to occur.
scattered in the vicinity to an SMBH by means of traditional relaxation processes
(Amaro-Seoane et al., 2007). The alternative possibility that SN kicks may induce
the generation of EMIRs has been investigated in Chapter 3 of the present thesis:
the strongly perturbed orbit of a newborn BH or NS may attain a very eccentric
orbit, and the timescale over which the compact object is expected to decay onto
the SMBH via GW emission (Eq. 1.10) may drop below the timescale for other
orbital perturbations, as two-body relaxation, to occur (see Fig 1.9).
In our study, we adopt a Monte-Carlo approach to mimic the effect of SN kicks
in the GC star forming nucleus. Remarkably, we find that a fraction up to a few
×10−4 of compact objects born in the Milky Way central parsec may produce EM-
RIs as a result of their natal kicks, while the time spanning from the SN event
to the final plunge is typically of the order of million years. If we combine this
finding with the fact that SNe in a GC-like environment are expected to happen
nearly every 104 yr (e.g. Rimoldi et al., 2015), this brings to the conclusion that
SN-EMRIs occur at a rate up to 10−8 yr−1 per Milky Way, resulting in up to ∼10%
of EMRIs being possibly triggered via this mechanism. Our study also shows that
the clockwise disc and especially the S-cluster inhabit an optimal region of phase
space for guaranteeing a substantial production of SN-EMRIs.
The importance of foreseeing EMRIs production mechanisms and the associated
rates stems from the fact that these GW signals would be detected in the near
future by LISA. However, EMRIs are not the principal target for the forthcoming
space-based observatory. In fact, the possibly strongest GW signals detectable by
the LISA mission are expected to be released in the coalescence of SMBH pairs.
Even if several arguments have been put forward to reject the possibility that
the Milky Way centre hosts a binary SMBH (e.g. Gualandris and Merritt, 2009),
many other galaxies are believed to harbour such massive pairs, and even the
Milky Way nucleus most probably witnessed a galaxy major merger in its distant
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past (Fakhouri et al., 2010; Iorio and Belokurov, 2018) possibly resulting in the
coalescence between two SMBHs. A throughout understanding SMBH binaries
dynamical evolution will be crucial to interpret the GW events that LISA will soon
reveal; thus, in the next section we review the processes governing the binaries
evolution down to their GW emission driven coalescence.
1.6 A story of supermassive black hole pairs
The idea that the formation SMBH binaries occurred in large numbers along the
history of our Universe naturally arises from the currently accepted cosmological
paradigm (White, 1978). In fact, galaxies are believed to efficiently aggregate
through the agglomeration of small sub-galactic units, owing to the catalyst effect
of their extended dark matter haloes. According to Fakhouri et al. (2010), the time
intercurring between two subsequent major mergers (i.e. mergers between galaxies
whose mass ratio is greater than ∼ 1/4) would range from ∼ 0.2 Gyr at redshift
z = 10 to ∼ 10 Gyr at z = 1. As a consequence, the majority of large galaxies
conceivably experienced at least one major merger in their lifetime.
A further notable fact is that quasars are observed down to very high redshift,
suggesting that at least part of the often colliding proto-galaxies harboured a SMBH
from the dawn of galaxy formation (Haehnelt et al., 1998; Fan et al., 2003; Wu
et al., 2015). During a galaxy collision, dark matter haloes drag along both their
luminous component and the SMBHs that may dwell in their centres (Barnes,
2001). Consequently, two SMBHs would frequently find themselves in the same
galaxy merger relic in the aftermath of a galaxy encounter.
1.6.1 Evolution of SMBH binaries
In order for the SMBH pair to merge in a burst of GWs, the two objects should
shrink from the kpc scale of the galactic collision down to the ∼mpc separation at
which GW emission dominates the binary energy loss. The dynamical mechanisms
governing this long journey have been first pointed out by Begelman et al. (1980).
The pair shrinking in gas poor galaxies(7) can be divided in the following major
steps (Fig. 1.10):
(i) a dynamical-friction-induced sinking towards the centre of the galactic poten-
tial well, taking approximately a dynamical friction timescale (Eq. 1.13) and
ending roughly when the mass enclosed in the binary orbit equals the mass
of the smaller SMBH (af );
(ii) a phase in which dynamical friction and three-body stellar scatterings (sling-
shot ejections) concurrently reduce the binary semimajor axis a (until the
binary is said to be ‘hard’);
(iii) the continued hardening (i.e. shrinking) of the binary, induced by contin-
ual stellar slingshot ejections; the efficiency of this phase has been found to
crucially depend on the supply of novel stars to the SMBHs close vicinity;
(7) The present thesis solely explores the binary evolution in pure stellar systems devoid of gas,
as massive elliptical galaxies.
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Fig. 1.10. The plot shows the typical evolution of the distance between two SMBHs as
a function of time. An equal mass binary of Mb = 4× 106M is considered. The initial
evolution is governed by the dynamical friction of the SMBHs and their stellar entourages
against the galactic background; at the separation marked with af , the binary swiftly
shrinks via the combined effect of dynamical friction and three-body stellar scatterings,
and excavates a core in the galaxy centre. Once the binary has become hard (ah), its
evolution slows down considerably, and the shrinking rate crucially depends on the supply
of novel stars in the loss cone region.
(iv) at roughly mpc scale, GWs dominate the ultimate binary inspiral and bring
to the final coalescence.
An important landmark in the evolution of supermassive pairs is the moment at
which the binary becomes hard. This happens when the binary Keplerian velocity
roughly exceeds the velocity of stars in the stellar background (σ):
ah =
Gµ
4σ2 ≈ 0.27 pc(1+ q)
−1
(
Mb
107M
)(
σ
200 km s−1
)−2
; (1.14)
here we assume that the binary members have masses M1 ≥ M2, their total mass
is M1 +M2 =Mb, their mass ratio is q =M2/M1 ≤ 1 and µ is the binary reduced
mass M1M2/Mb (Merritt, 2013a).
The hard binary is no longer affected by dynamical friction, and its energy loss is
primarily induced by three-body scatterings of stars that closely approach it (on
scales . a). If m? is the typical stellar mass and E = −GµMb/(2a) is the binary
energy, it can be shown that each stellar interaction, on average, results in a relative
energy loss for the binary
∆E
E
≈ −2Cm?
Mb
, (1.15)
where C is the dimensionless energy change
C ≡ Mb2m?
∣∣∣∣∆EE
∣∣∣∣ ; (1.16)
scattering experiments determined C to be typically of the order of unity (Hills,
1983; Quinlan, 1996).
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The binary energy loss turns into an enhancement of the interacting star orbital
energy: the star velocity after the interaction is vf ∼
√
Gµ/a; if we set a = ah, it
follows that vf ∼ 2σ; that is, a hard binary tends to irreparably unbind interacting
stars from the system.
Even if binaries with roughly equal mass swiftly become hard, their subsequent
evolution in gas-poor environments has been put under scrutiny in the past years,
and several authors have pointed out that the subsequent three-body scattering
phase might not be efficient enough to ensure the binary coalescence (Begelman
et al., 1980; Milosavljević and Merritt, 2003b; Makino and Funato, 2004). Here
below we review in better detail the dynamics of SMBH binaries, the reasons
behind their possible stalling and the dynamical mechanisms that have been put
forward to ensure an effective binary hardening down to the smallest scales.
(i) Dynamical friction driven inspiral
Initially, the SMBH pair experiences a phase of rapid sinking under the effect of
dynamical friction on the stellar and gaseous background. The typical associated
timescale tdf can be approximated via Eq. 1.13 (Chandrasekhar, 1942, 1943), as
long as the two SMBHs evolve independently. A more accurate computation of the
sinking time should account for the fact that a SMBH retains part of the galaxy
nucleus during the inspiral: the sinking mass increases to Ms ∼ 103M• (assuming
M• −Mbulge relation, Merritt 2001) and the decay timescale would shorten to
t′df ∼ 10−3 tdf . However, the stripping operated by the galaxy tidal field would
progressively shear the entourage of stars surrounding each SMBH; accounting for
this, a simple estimate of the dynamical friction timescale yields
t′′df ≈
Reσ
2
lnΛ′σ3s
≈ 0.15 Gyr 2lnΛ
(
Re
10kpc
)(
σ
300km s−1
)2 ( σs
100km s−1
)−3
, (1.17)
where Re is the effective radius of the bigger system, Λ′ = 23/2σ/σs, while σ and σs
are respectively the one dimensional velocity dispersions of the bigger and sinking
galaxy (Dosopoulou and Antonini, 2017).
Once the Keplerian binary forms, the following evolution significantly depends
on the SMBHs mass ratio. If q & 0.1, the standard dynamical friction equations
properly describe the swift binary inspiral down to∼ ah. If not, the time required to
bridge the gap between the influence sphere of the bigger SMBH and ah can protract
for long, even exceeding a Hubble time for binaries with q . 10−3, especially if they
are found in shallow-density cores (γ . 1, Dosopoulou and Antonini 2017; Tamfal
et al. 2018).
(ii) Core excavation
Once the stellar mass enclosed in the binary orbit drops below the mass of the
smaller SMBH,
M?(af ) =M2, (1.18)
dynamical friction gradually ceases its effectiveness, and three body stellar scatter-
ings begin to dominate the binary shrinking. The transition between af and ah is
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very swift, and the energy given up in this phase is
∆E ≈ −GM1M22
(
1
af
− 1
ah
)
≈ −12M2σ
2 + 2Mbσ2 ∼ 2Mbσ2, (1.19)
comparable to the total energy of stars orbiting the binary within its sphere of in-
fluence. The energy instilled by the binary is absorbed by the stellar background,
which significantly reshuﬄes its phase-space distribution. As a result, a core gets
excavated within the SMBHs influence sphere (Ebisuzaki et al., 1991; Volonteri
et al., 2003; Sesana et al., 2007); this mechanism possibly justifies the almost ubiq-
uitous presence of cores at the centre of the most luminous galaxies (i.e. the ones
that likely experienced the largest number of mergers)(8).
(iii) Binary hardening
Once the binary has become hard, its shrinking results from repeated slingshot
ejections of the nearby stars (Saslaw et al., 1974). Any star that undergoes a close
encounter with the binary will have its trajectory deflected as a result of the strong
binary potential, and its closest approach distance (p) would turn appreciably
smaller than its impact parameter b (i.e., the minimum distance measured along
the unperturbed trajectory). In the limit of close encounters (GM/b v2, with v
velocity of the incoming star at infinity), the nearest approach occurs at
p ≈ b
2v2
2GMb
(1.20)
(e.g. Hills, 1983; Quinlan, 1996). The binary cross section for close encounters can
be expressed as Σb = pib2; in the limit of close interactions for which p ≈ a (i.e.
the sole ones that efficiently shrink the pair) Eq. 1.20 can be adopted to express
the cross section as
Σb =
2piGMba
v2
(1.21)
(Sigurdsson and Phinney, 1993). The average interaction rate per unit time of the
binary can be obtained via dN/dt = Σbσn, where n is the number density of stars
in the field and σ is their one-dimensional velocity dispersion. If we further assume
that v ≈ σ, we get that
dN
dt
=
2piGMban
σ
. (1.22)
Finally, the rate of energy exchange suffered by the binary can be computed by
combining Eq. 1.22 and Eq. 1.15,
dE
dt
= ∆E
dN
dt
= 4piGCρa
σ
E; (1.23)
(8) In fact, alternative scenarios have been proposed to explain galaxy cores: for instance,
Perets and Alexander (2008) suggest that the core excavation may occur on scales larger than
the SMBH influence sphere as a result of massive perturbers (as massive molecular clouds,
IMBHs, stellar clusters) scattering stars close to the binary from relatively large separations.
Alternatively, Gualandris and Merritt (2008) propose that anisotropic GW emission resulting
from the coalescence between two SMBHs could eject the merger product from the galaxy
nucleus, and the displaced SMBH could wander in the galaxy outskirts and excavate a large
core.
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it follows that the rate of change of the inverse binary semimajor axis as a function
of time (the so-called binary hardening rate) is
s ≡ d
dt
1
a
= 4piC
(
Gρ
σ
)
≡ H
(
Gρ
σ
)
, (1.24)
where H can be determined to be ≈ 18 (Quinlan, 1996; Sesana et al., 2006).
Eq. 1.24 has a profound implication for the study of SMBH binaries: hard binaries
harden at a constant rate, if the stellar background remains fixed(9) (Hills, 1983).
If it were the case, the GW emission phase (entered at a = aGW) would be reached
in a very short timescale
th,short ∼ σ
HGρ aGW
≈ 0.25 Gyr
(18
H
)(
ρ
104Mpc−3
)−1 ( σ
200 km s−1
)(
aGW
1 mpc
)−1
;
(1.26)
(e.g. Colpi, 2014). Unfortunately, binaries cannot harden at a constant rate, as the
stellar background gets modified via the energy injection operated by the binary
itself (e.g. Merritt, 2013a). In fact, Eq. 1.26 typically underestimates the harden-
ing timescale, and a loss-cone treatment is required to properly follow the binary
evolution down to the GW emission stage.
1.6.2 Loss cone theory
In order for a star to efficiently interact with the binary, it has to reach a small peri-
apsis, roughly equal to the binary semimajor axis a: it has to be centrophilic. This
can be translated in the angular momentum space by saying that the magnitude
of the star specific angular momentum has to drop below
LLC =
√
2GMba. (1.27)
The region of phase-space harbouring stars with specific angular momentum lower
than LLC (i.e., stars on centrophilic orbits) is named loss cone (Merritt, 2013b).
Every time a slingshot interaction occurs, the ejected star abandons both the galaxy
nucleus and the binary loss cone. It follows that (in spherical geometries) the loss
cone is effectively evacuated via binary-induced three-body scatterings within a
typical stellar orbital period, and only centrophobic orbits can survive in the galactic
potential. After the initial depletion, the binary hardening rate crucially depends
on the supply of novel stars in the loss cone (Begelman et al., 1980; Milosavljević
and Merritt, 2003a). If the replenishment of this region is ineffective, the binary
would never reach the GW emission stage and endlessly orbit in the galaxy core
(Milosavljević and Merritt, 2001, 2003a), as too few stars can participate to its
hardening.
(9) Eq. 1.24 can be rewritten in a more general form: since the binary hardening results from the
interaction with stars with a given phase-space distribution, the isotropic assumption yields
s =
∫ ∞
0
4piv2?dvf(ε)
HG
v?
= 4piGH
∫ 0
Φ0
f(ε)dε, (1.25)
where ε = 12v
2
? − Φ is the specific energy of each star, v? is its velocity and Φ(r) is the
gravitational potential at its position r; f(ε) is the energy distribution function of stars;
finally Φ0 is the depth of the galactic potential not accounting for the binary contribution
(Vasiliev et al., 2015).
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The most straightforward mechanism to repopulate the loss cone is collisional relax-
ation (Valtonen, 1996; Yu, 2002; Milosavljević and Merritt, 2003a); the timescale
over which it occurs (tr, Eq. 1.11), though, can be safely assumed to exceed the
age of the Universe in many real galaxies. Thus, the binary loss cone should re-
main empty any time after its initial depletion. Accordingly, direct summation
N -body simulations of SMBH binaries inspiralling in gas-free spherical models
demonstrated both the N dependence of the hardening rate (as tr ∝ N/ lnN ,
Eq. 1.12) and the binary stalling at roughly a parsec separation (Makino and Fu-
nato, 2004; Berczik et al., 2006; Merritt et al., 2007b).
This is the infamous final parsec problem (Milosavljević and Merritt, 2003b). Even
if several candidate SMBH pairs have been identified in the recent years (Rodriguez
et al. 2006; Valtonen et al. 2008; Boroson and Lauer 2009; Severgnini et al. 2018; see
Dotti et al. 2012 for a review), circumstantial evidence suggests that most SMBHs
are in fact single objects, implying that massive binaries should effectively find
their way to coalescence.
In the last decades, several solutions to the binary stalling have been proposed.
They include the effect of gas drag (Escala et al., 2004; Goicovic et al., 2017,
Bortolas et al., in prep), the influence of a massive perturber that may scatter new
stars in the loss cone (Perets and Alexander, 2008; Matsui and Habe, 2009), the
merger-induced formation of spiral arms that refill the binary loss cone (Hamers
and Perets, 2017), and the infall of star clusters onto the evolving binary (Arca-
Sedda et al., 2017; Bortolas et al., 2018b). In what follows, we describe this latter
idea in better detail.
1.6.3 Star cluster infall onto the massive binary
Chapter 4 investigates the possibility that the infall of a young stellar cluster onto
the shrinking binary would significantly affect the evolution of the latter, and
shorten its journey to GWs (Bortolas et al., 2018b). In fact, (i) massive young
clusters often inhabit galactic centres, a beautiful example being the Arches and
the Quintuplet cluster, that lie near the centre of our relatively quiescent Galaxy
(see e.g. the review by Portegies Zwart et al., 2010); (ii) galaxy mergers at the
origin of binaries formation are known to possibly trigger bursts of star formation,
that may bring to the production of young and massive stellar clusters (Sanders
et al., 1988).
Motivated by this, we performed a suite of direct N -body runs simulating a ∼
105M stellar cluster infalling onto a 106M, pc-scale binary (i) along a radial
orbit (Fig. 1.11 shows a few snapshots) and (ii) along a non-zero angular momentum
orbit.
When the cluster infalls radially, a large fraction (≈ 30%) of stars are found into
the loss cone region since the beginning of the run: this fraction more than doubles
at periapsis, as a consequence of the tidal torque induced by the presence of the
SMBHs. The significant loss cone fuelling results in a binary shrinking of the
≈ 10%; this finding suggests that the interaction of the binary with a ∼ 10 times
more massive cluster (or equivalently, the consecutive infall of ∼ 10 equally massive
ones) might bring the pair close to the GW emission regime.
If some angular momentum is added to the infalling cluster though, the interaction
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Fig. 1.11. Different snapshots of the evolution of a young stellar cluster stripped and then
disrupted during its interaction with a SMBH binary (black central crosses). The cluster
is initially on a radial orbit (run 2p in Bortolas et al. 2018b); the interaction is swift, and
is concluded after rougly 10 Myr, with the complete disruption of the cluster. During the
interaction, the binary shrinks its semimajor axis by ≈ 10%.
efficiency is significantly suppressed. In this case, a negligible amount (< 1%) of
stars is found to inhabit the loss cone at all times, as the binary-induced torques
are not efficient in dragging a conspicuous amount of stars on centrophilic orbits.
Accordingly, the resulting binary hardening is virtually nil.
The main conclusion to this investigation is that the cluster angular momentum
constitutes a key parameter for the loss cone refilling, and only close-to-radial infalls
bring to an efficient binary interaction. It is thus licit to wonder how often such
radial interactions occur. Several recent studies (Tsuboi et al., 2015; Tanaka, 2018)
show that at least part of the star formation observed in the centre of our Galaxy
is consistent with being triggered by the collision between molecular clouds. A
cluster formed as a result of such collision may attain a very low angular momentum
(Mapelli et al., 2012), thus it is expected to freely infall towards the centre of its
host system. This result is particularly relevant considering that one of the two
observed GC young stellar clusters, the Quintuplet, probably attains a relatively
radial orbit (Stolte et al., 2014).
1.6.4 Collisionless loss cone refilling in aspherical galaxies
Albeit being first proposed many years ago (e.g. Yu, 2002), what is now con-
sidered the ultimate solution to the final parsec problem has not been definitely
accepted until very recently (Vasiliev et al., 2015; Gualandris et al., 2017). This
long-standing problem is solved in a very general way by the deviations from spher-
ical symmetry that naturally arise in realistic galactic potentials (Yu, 2002): colli-
sionless diffusion of stars in angular momentum can be produced via gravitational
torques arising in the non-symmetric potential, and acting over timescales much
shorter than the relaxation time (Pontzen et al., 2015).
In spherical galaxies, the initial amount of stars on loss cone orbits is generally
low; in addition, once the loss cone has been emptied for the first time, no straight-
forward dynamical mechanism can replenish it over a short time-period, as the
total specific angular momentum L of each star has to be conserved along the orbit
(Merritt, 2013a, cap. 4). In an axisymmetric (e.g. disc) galaxy, stars must solely
conserve the component of angular momentum Lz parallel to the symmetry axis of
the system. It follows that the angular momentum of each stellar orbit has a lower
bound equal to Lz. Stars with Lz < LLC can thus wander outside the loss cone as
their total angular momentum exceeds LLC , until, at some point, they may attain
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Fig. 1.12. The image displays a slice of the phase space (L/Lcirc,Lz/Lcirc) at fixed specific
stellar energy; Lcirc is the angular momentum of a circular orbit at that energy. In a
triaxial potential (T), the extended basin (blue and green) where stars can be found prior to
reaching the binary is depicted as the region satisfying L < √ηLcirc. Many stars in triaxial
geometries can wander anywhere in the blue and green areas as a result of gravitational
torques, until finally they reach the red, proper loss cone region (L < LLC) and undergo
a binary interaction. In a spherical potential (S) instead, only the small amount of stars
that inhabit the small red area can ever undergo a slingshot ejection. The axisymmetric
(A) is an intermediate case: stars that may end up undergoing a binary encounter are
bound to orbit in the green area where Lz < LLC , prior to finally reaching the red region.
Both the blue and green areas gradually shrink with LLC , as the binary semimajor axis
gets smaller and smaller; dashed lines in the image delimit the S and A regions at a later
time. Image credit and a comprehensive discussion on the collisionless loss cone refilling in
Vasiliev et al. (2015).
L ∼ Lz < LLC and undergo an interaction with the binary. In triaxial systems, no
component of the stellar angular momentum has to be conserved, thus stars with
initially arbitrarily high L can suddenly (i.e., even after a large number of crossing
times) enter the loss cone (Poon and Merritt, 2004; Merritt and Vasiliev, 2011).
The described picture is beautifully illustrated in Fig. 1.12 (Vasiliev et al., 2015).
All these aspects suggest that the described collisionless loss cone repopulation
may ensure an efficient binary hardening down to the GW emission stage (Norman
and Silk, 1983; Poon and Merritt, 2004). In support to this argument, the first N -
body simulations evolved ab initio, i.e. starting from the large-scale galaxy merger,
displayed both an efficient binary hardening and a non-spherical galactic geometry
induced by the merger itself (Khan et al., 2011; Preto et al., 2011; Gualandris and
Merritt, 2012; Khan et al., 2012). In general, these numerical studies show that the
binary finds its way to coalescence in 10 Myr to 10 Gyr (Khan et al., 2012, 2016).
However, the complexity of galaxy merger simulations leaves open the possibility
that processes other than the collisionless loss cone repopulation actually drive the
loss cone refilling.
This mainly stems from the fact that the aforementioned studies adopted the direct
summation technique to evolve the galaxy interaction (that is, particles accelera-
tions are computed via the brute-force evaluation of the Newtonian equation). On
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the one hand, the direct summation technique is the sole one ensuring an extremely
detailed modelling of the binary dynamics; on the other hand, itsN2 computational
complexity limits its applicability to numbers of particles that cannot currently ex-
ceed N ∼ 106. In recent years, reliability of direct summation simulations has
been questioned, as low-N effects may cause both an increased random walk of
the binary (Merritt, 2001), and the spurious enhancement of two-body relaxation
(Vasiliev et al., 2014); both artificial phenomena lead to an underestimation of the
binary coalescence time.
1.6.5 Brownian motion of the massive binary
Whenever the massive binary ejects a star, the binary centre of mass experiences a
recoil whose amplitude depends on the mass of the interacting body (Merritt, 2001).
In low-N simulations, where stars are orders of magnitude more massive than in
real galaxies (as m? ∝ N−1), the binary undergoes an exaggerated, unphysical
Brownian motion. As a consequence, the wandering binary can intersect more
stellar orbits than it would in real (high-N) systems, and its wide random walk
artificially enhances the loss cone repopulation.
For this, Chapter 5 of the present thesis investigates the significance of this spurious
effect in equal-mass galaxy merger simulations. We performed a suite of direct-
summation N -body runs varying the number of stars in the system from 8k to
1M. This allowed us to obtain the scaling with N of both the typical Brownian
motion amplitude rb and the binary hardening rate. Our investigation clearly shows
that rb ∝ N−0.5 as expected from theoretical arguments (Merritt, 2001; Merritt
et al., 2007a), while the binary hardening rate exhibits a weaker dependence on
N , suggesting that the numerical wandering has a negligible effect on the binary
evolution.
A more conclusive proof to this was obtained by performing additional runs in
which the binary centre of mass was anchored at the centre of the galaxy potential.
The comparison of the hardening rate for binaries (i) fixed and (ii) free to wander
in the galaxy is shown in Fig: 1.13. First of all, the hardening rate (s) converges
to similar values for N ∼ 1M , strongly suggesting that Brownian motion plays
a negligible role in shrinking the binary in most of real galaxies, as well as in
numerical simulations with the best currently achievable resolution. Moreover, the
hardening rate measured at low-N was found to be sensibly higher in systems where
the massive binary was left free to wander. This could imply that the loss cone
repopulation in systems with 104 . N . 106 might be dominated by the roaming
of the massive binary, rather than the effect of accumulated two body encounters
between stars.
1.6.6 The final proof of the collisionless loss cone refilling
Once the spurious Brownian motion in numerical simulations had been discarded,
the significance of artificial (low-N) collisional loss cone refilling caused by relax-
ation had to be addressed. This aspect was recently investigated adopting nu-
merical techniques other than direct summation: Vasiliev et al. (2015) adopted a
Monte Carlo code that allows to tweak the significance of two-body relaxation; in
Gualandris et al. (2017), we made use of an accurate fast multipole method that
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Fig. 1.13. Left-hand panel: Mean value of the binary hardening rate, s, as a function
of the number of stars included in the simulation. The binary centre of mass is either
free to wander as a result of slingshot interactions with stars (black) or kept fixed at the
centre of the galaxy potential (red). The plot shows that the spurious hardening of the
binary due to its Brownian motion is only important at low N , while its effect becomes
negligible at N & 1 M (Bortolas et al., 2016). Right-hand panel: the refilling parameterRj ,
a proxy for the binary hardening rate, is plotted against the number of particles N in the
simulation for systems of different shapes. Two different deegrees of triaxiality (T1, T2)
are explored. The plot clearly shows that the hardening rate significantly depends on N
(∝ N−0.5, thin red dotted line) in spherical systems; the N -dependence is significantly
reduced in axisymmetric models, and disappears in triaxial galaxies. The hardening rate
of the binary can thus lead to the coalescence in galaxies with realistically high N only
in the triaxial case. Empty and filled shapes show respectively results obtained via a fast
multipole and a direct summation integrator. Image from Gualandris et al. (2017).
allowed to simulate the motion of N ∼ 108 objects. Both studies investigated the
binary hardening rate in purely spherical, axisymmetric and triaxial systems; they
agreed that binaries should be able to efficiently merge in realistic triaxial galaxies
owing to collisionless, torque-induced repopulation of the loss cone. Axisymmetric
models were found to have hardening times that are often too long to guarantee
the binary coalescence in a Hubble timescale, while the simplified assumption of
spherical symmetry was proven to be the real cause to the final parsec problem
(right-hand panel in Fig: 1.13).
1.6.7 The fingerprint of binaries on galaxy morphology
While the influence of the galactic shape on the binary shrinking rate has been
largely explored, yet little is known about the opposite effect, i.e. the influence of
the binary on the morphology of its host stellar system. In Chapter 6 we explore
this effect by running a large suite of direct N -body simulations of equal-mass
galaxy collisions, varying the initial orbits (from almost radial to more circular)
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and density profiles (γ = 0.5, 1, 1.5) of the merging galaxies and evolving the same
simulation both with and without central SMBHs. To our surprise, we find that
when a binary (or even a single SMBH) is found in the centre of the merger relic,
the galaxy becomes significantly oblate (i.e., disc like) up to a radius enclosing 100
times the binary mass. When the exactly same simulation is run without accounting
for the central SMBHs instead, the galaxy often displays a prolate inner figure (i.e.,
it looks more like a bullet). This finding suggests that galaxies that harbour one or
two SMBHs generally attain a more axisymmetric central geometry, a finding that
is qualitatively supported by recent observations (Dullo and Graham, 2015; Foster
et al., 2017). In spite of their inner axisymmetric shape, the simulated binaries are
able to coalesce within a few Gyr at most.
Our study additionally shows that the degree of non-sphericity of the remnant
galaxy depends not only on the SMBHs presence, but also on the parameters of
the galaxy merger: radial encounters of shallower galaxies generally tend to produce
more triaxial or prolate systems.
Finally, we analyse the binary hardening rate in merger remnants displaying differ-
ent degrees of non-sphericity: no strong connection is found between the remnant
morphology and the binary hardening rate, which seem to depend only on the in-
ner density slope of the remnant galaxy. Such result may be particularly relevant
for low-frequency GW science, as the timescale needed for a binary to reach the
GW-emission stage could be assumed to scale only with the central density of the
host galaxy.
2
Supernova kicks and dynamics of
compact remnants in the GC
Based on:
Bortolas, E., Mapelli, M. and Spera, M.,
“Supernova Kicks and Dynamics of Compact Remnants
in the Galactic Centre”, 2017, MNRAS 469, 1510
–
In this Chapter we investigate the role of supernova (SN) explosions occurring in
massive binary stellar systems lying in a disc-like structure within the innermost
parsec of our Galaxy. In fact, SN events are expected to occur frequently in our
star forming nucleus, and their associated fast kick may have an important impact
on the dynamical evolution of stars near the central SMBH (Lu and Naoz, 2018).
We adopt three-body simulations to investigate the role of SNe in binaries within
the clockwise (CW) disc: we explore the possibility that SN kicks contribute to
the dearth of pulsars in the Galactic Centre (GC), and to the generation of a steep
cusp of undetectable stellar remnants. Our investigation suggests that SN kicks are
efficient at reshuﬄing stellar orbits and significantly contribute to sculpt the density
profile at the GC. We suggest that these effects should be taken into account when
performing a detailed modelling of the Milky Way innermost regions.
2.1 Methods
To study the evolution of GC binaries after SN explosions, we run 30,000 three-
body encounters of systems composed of a SMBH and a stellar binary. The mass
of the SMBH is fixed to 4.3× 106M (Gillessen et al., 2009).
The binary centre of mass is initially assumed to sweep a Keplerian orbit around the
SMBH, with eccentricity and semi-major axis in agreement with recent observations
of the CW disc: the eccentricity e is drawn from a Gaussian distribution centred
in 〈e〉 = 0.3 ± 0.1 (Yelda et al., 2014), while the semi-major axes a follow the
distribution f(a) ∝ a0.07 (Do et al., 2013), and we chose the mean anomaly of
the orbit from a uniform distribution between 0 and 2pi; this ensures that the
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surface density profile of stars is Σ(r) ∝ r−0.93, consistent with the surface density
distribution of the early type stars in the disc (Do et al., 2013); a can vary in the
range [0.04, 0.13] pc or [0.001, 0.13] pc depending on the simulation set, as detailed
below.
The eccentricity e∗ of the stellar binary is randomly extracted from the thermal
eccentricity distribution f(e∗)de∗ = 2e∗de∗ (Jeans, 1919), while the semi-major
axis a∗ distribution takes the form f(a∗)da∗ ∝ a∗−1da∗, i.e. follows the so-called
Öpik’s law (Öpik, 1924). The semi-major axis of the binary system spans from
a minimum of 0.2 AU to a maximum distance equal to 0.4 rj, where rj = a (1−
e) ( 13Mb,i/M•)
1/3 is the Jacobi radius (where Mb,i = M1,i +M2, M1,i is the mass
of the primary before the SN explosion, M2 is the mass of the secondary, and M•
is the mass of the SMBH)(1). This ensures by construction that the binary star
will not break by tidal forces at the closest passage with the SMBH, as shown
in Trani et al. (2016). We also ran a sub-sample of 3000 three-body simulations
without SN kicks, to check that the binary does not break if SN kicks are not
included in the simulations. We found that a∗ and e∗ change by less than 10−5
in the test simulations without SN kicks, indicating that our initial conditions are
stable against tidal forces.
Since a large fraction of stars (especially massive stars) form in binary systems
(e.g. Sana et al. 2011), many CW disc members are expected to be binary stars.
Gautam et al. (2017) found that the binary fraction of early-type main sequence
stars within the CW disc is at least 32% (within the 90% confidence level). Stars
with mass in excess of ∼ 9M are thought to undergo SN explosions after about
3− 50 Myr, depending on their initial masses. Given the young age of stars in the
CW disc (∼ 2.5− 6 Myr, Lu et al. 2013), most SN events will occur in the next
Myrs. However, we use the orbital properties of the CW disc as initial conditions,
because it is reasonable to expect that a series of CW-disc like star-forming events
have occurred in the past and may occur in the future (it is unlikely that we live
in a special time for the history of the GC, Loose et al. 1982).
The masses of the two stars are computed as follows: the zero age main sequence
(ZAMS) mass of the more massive (primary) binary component (M1,ZAMS) is ran-
domly distributed in the range [9, 150]M, sampling a top-heavy (TH) mass func-
tion (dN/dm ∝ mα, with α = −1.7), in agreement with the observations of the
GC (Lu et al., 2013). The ZAMS mass of the less massive (secondary) binary
component (M2,ZAMS) is either extracted from the TH mass function in the range
[0.1, 150]M (simulation sets A and C) or assumed to be equal to 0.9 times the
ZAMS mass of the primary star (simulation set B), as detailed below. We then
evolve each primary star from M1,ZAMS to its pre-SN mass M1,i, according to the
PARSEC stellar evolutionary tracks (Bressan et al., 2012; Chen et al., 2015); the
pre-SN mass of a star as a function of its ZAMS mass is shown in Figure 2.1. Sim-
ilarly, we calculate the mass of the secondary star at the time of the SN explosion
of the primary (M2) using the PARSEC stellar evolutionary tracks for a star of
ZAMS mass M2,ZAMS.
We start the simulations at the time of the SN explosion, by giving the binary a SN
kick. The mass of the compact remnant is computed using the delayed SN model
(1) The resulting initial orbital period of the stellar binaries ranges from ∼ 0.1 yr to ∼ 103 yr,
and about one fourth of them has a period < 1 yr.
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Fig. 2.1. Red solid line: pre-SN mass of a star as a function of its ZAMS mass according
to the PARSEC stellar evolutionary tracks (Bressan et al., 2012; Chen et al., 2015). Black
dotted line: mass of the SN compact remnant as a function of the the progenitor ZAMS
mass according to Spera et al. (2015); we assume the delayed SN model.
Tab. 2.1. Initial conditions and differences between the three sets of simulations.
set A set B set C
M2,ZAMS TH, 0.1− 150M 0.9×M1,ZAMS TH, 0.1− 150M
CW disc 0.04− 0.13 pc 0.04− 0.13 pc 0.001− 0.13 pc
N 10,000 10,000 10,000
∆tsim 1 Myr 1 Myr 1 Myr
Each row indicates, for the three sets, (i) how the ZAMS mass of the secondary component
(M2,ZAMS) is chosen, (ii) the extension of the CW disc, (iii) the number N of simulations in
each set, (iv) the time ∆tsim over which each system was evolved.
(Fryer et al., 2012), according to Spera et al. (2015). We distinguish between NSs
and stellar-size black holes (BHs) depending on whether their mass is respectively
below or above 3M. The mass of the SN relic as a function of the progenitor ZAMS
mass is shown in Figure 2.1. The distribution of SN kicks is uncertain, especially
for BHs (see e.g. Gualandris et al. 2005; Fragos et al. 2009; Repetto et al. 2012;
Janka 2013; Beniamini and Piran 2016; Mandel 2016). For NSs, we adopt the kick
distribution reported by Hobbs et al. (2005), i.e. a Maxwellian distribution with
one-dimensional variance equal to σ = 265 kms−1, derived on the basis of peculiar
motions of 233 pulsars. If the remnant is a BH, the kick velocity is then normalized
to the mass of the remnant, assuming linear momentum conservation. The natal
kick is given to the binary members as detailed in Appendix A.
We performed three sets of three-body simulations composed of 10,000 runs each:
(i) in set A, the ZAMS mass of the secondary star is extracted from the TH mass
function between 0.1 and 150M and the disc inner and outer limits are 0.04 and
0.13 pc, respectively; (ii) set B differs from set A as the ZAMS mass of the secondary
is set equal to 0.9 times the ZAMS mass of the primary; we explored this possibility
due to the uncertainty in the mass correlation of binary stars (Kobulnicky and
Fryer, 2007; Sana et al., 2011); (iii) in set C the ZAMS mass of the secondary
is computed as in set A, but the disc is assumed to span from 0.001 to 0.13 pc,
according to Chen and Amaro-Seoane (2014), who suggested that the CW disc
inner edge was closer to SgrA∗ in the past. The differences among the three sets
and the parameters of the simulations are summarized in Table 2.1. We chose to
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perform 104 runs per each set of simulations because each set aims at reproducing
the population of the CW disc, which has been estimated to be as massive as
a few×104M (Lu et al., 2013). Moreover, we checked that 104 runs per each
simulation set are sufficient to filter out statistical fluctuations.
Each three-body system is evolved from the moment of the SN explosion and for
∆tsim=1 Myr; this timescale ensures that stars still bound to the SMBH generally
complete ∼ 100 − 1, 000 orbits by the end of the simulation, thus they totally
absorb the effect of the kick. On the other hand, our simulations cannot account
for the two-body relaxation, which can affect stellar orbits of a CW disc structure
within 10− 100 Myr (Šubr and Haas, 2014); thus a choice of ∆tsim > 1 Myr would
not be beneficial.
The simulations are evolved by means of a fully regularized N-body code that im-
plements the Mikkola’s algorithmic regularization (MAR, Mikkola and Tanikawa
1999a,b). This code is designed for studying the dynamical evolution of few-body
systems in which strong gravitational encounters are frequent and the mass ratio
between the interacting objects is large. The MAR scheme removes the singularity
of the two-body gravitational potential for r → 0, by means of a transformation of
the time coordinate (see Mikkola and Tanikawa 1999b for details). Our implemen-
tation uses a leapfrog scheme in combination with the Bulirsh-Stoer extrapolation
algorithm. The code integrates the equations of motion employing relative co-
ordinates by means of the so called chain structure. This change of coordinates
reduces round-off errors significantly (Aarseth, 2003): the relative error in the
energy conservation of our simulations is always below 10−10. The code can be
used as a stand-alone regularized N-body code or as a module of the direct N-body
code HiGPUs-R (Spera, in preparation; see Capuzzo-Dolcetta et al. (2013) for the
current version of HiGPUs).
Figure 2.2 shows an example of the binary orbit before and after the SN kick in
set C: two stars of 9 and 0.1 M orbit the SMBH with semimajor axis a ≈ 45.0
mpc and eccentricity e ≈ 0.34. In this particular case the binary breaks, but both
members remain bound to the SMBH. The secondary star settles on a different
orbit with respect to the initial one (with semimajor axis ≈ 53.0 mpc, eccentricity
≈ 0.60 and change in the orbital inclination of ≈ 32 degrees) while the 1.3 M
NS produced by the SN only experiences a small (. 10%) change in its orbital
parameters.
2.2 Results
In this Section, we present the results of our three-body simulations. Figure 2.3
shows the density profile of the simulated binaries reconstructed from the individual
three-body experiments, by considering the distance of each star from the SMBH
at time t = 1 Myr (i.e. the end of the simulations). Figure 2.4 shows the orbital
parameter distribution of objects that are still bound to the SMBH at the end of the
simulation. The semi-major axes, eccentricities and pericentre radii are computed
with respect to the SMBH, while the inclination is computed with respect to the
CW disc. In the plots, we distinguish between BHs (∼ 54% of the remnants), NSs
(∼ 46% of the remnants) and secondary stars. We stress that the large number of
BHs is due to the assumed TH mass function. The distribution of BHs resembles
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Fig. 2.2. Orbit of the binary components in a selected simulation of set C. Black dotted
line: pre-SN orbit of the centre of mass of the binary around the SMBH; red solid line:
orbit of the compact remnant (a NS with mass = 1.3M) around the SMBH, after the SN
explosion (which breaks the binary); blue solid line: orbit of the secondary star (mass = 0.1
M) around the SMBH, after the SN explosion; black cross: position of the SMBH. Initial
orbital parameters of the binary centre of mass: semimajor axis a ≈ 45.0 mpc, eccentricity
e ≈ 0.34; orbital parameters of the secondary binary member at the end of the integration:
semimajor axis a ≈ 53.0 mpc, eccentricity e ≈ 0.60, difference in the orbital inclination
≈ 32 degrees; the NS changes its orbital parameters by . 10% by the end of the run, as its
semimajor axis becomes ≈45.6 mpc, its eccentricity ≈ 0.38 and its inclination ≈ 2 degrees.
Fig. 2.3. Mass density profile of stars and compact remnants reconstructed from the
individual three-body runs, for set A (left), B(centre), C(right). Dark green solid thin line:
total initial distribution; dark red solid line: total final distribution; black dashed line:
BHs at 1 Myr; light blue dash-dotted line: NS at 1 Myr; orange dotted line: secondary
stars at 1 Myr. The density profiles are normalized assuming an initial total mass equal
to 105M.
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the pre-SN distribution, implying that most BHs are anchored to their initial orbit
and SN kicks are not efficient in scattering them in different regions of the phase
space. In contrast, NSs are more easily scattered by the SN explosion and spread
in the innermost and outermost regions of the GC. This is valid for all the sets of
simulations.
In both sets A and C, 75− 80% of the mass within 0.1− 1 pc is in the form of
BHs. From Figure 2.3 it is also clear that in set A and C BHs dominate the final
mass distribution for a large range of radii, i.e. within ∼ 0.02− 0.2 pc in set A
and ∼ 5× 10−4 − 0.2 in set C. We stress that our simulations were run only for 1
Myr and that they only account for three bodies at a time: we cannot say anything
about the effect of two-body relaxation on the BHs confined in the central pc.
However, it is likely that the BHs will relax their distribution near the SMBH
within ∼ 100 Myr; the relaxation time within the disc is computed as described in
Šubr and Haas (2014)(2).
The behaviour of the secondary stars strongly depends on their masses: in set A and
C, the secondary binary member is a low-mass star in most cases (∼ 90% secondary
stars have masses lower than 3M) and is easily scattered on a completely new orbit
after the SN kick, while in set B the secondary is a high-mass star (& 9M) and
keeps memory of its initial orbit. In set B, secondary stars are much more massive
than the remnants of primary stars, thus they dominate the mass distribution
within ∼ 0.02− 0.5 pc. This would be true only within a short timescale, as most
of the companion stars in set B will undergo a SN explosion within a few Myr and
they will turn into compact remnants.
Figure 2.4 shows that NSs notably change their orbit in set B, with respect to
set A and C. We detail the case of eccentricity: in set A and C only ∼ 16% of NSs
have eccentricities e > 0.5, while in set B the fraction of NS with e > 0.5 is as
high as ∼ 55%. On the other hand, ∼ 25% of secondary stars have eccentricities
e > 0.5 in set A and C, while their fraction drops to ∼ 5% in set B. All the
other orbital parameters show a similar behaviour, and show that SN kicks are
distributed between the two binary components, with weights that anti-correlate
with the mass of the bodies.
Figure 2.5 shows stellar pericentre distance versus eccentricity for the three sets of
runs, distinguishing between compact remnants and secondary stars. This Figure
highlights that heavy objects are spatially more confined. The bulk of stars and
remnants still show orbital parameters that resemble the ones of the CW disc;
however, several stars are scattered to highly eccentric orbits.
Most of stars and compact remnants continue orbiting the SMBH by the end of
the simulation, and only ∼ 5% objects become unbound from the SMBH. In set B,
NSs absorb most of the SN kick and about one fourth of them escapes the SMBH
potential, while secondary stars are strongly anchored to their initial orbit and all
but five of them stay on a bound orbit by the end of the simulation. We find an
(2) As a matter of fact, the relaxation time-scale of the old and almost isotropic stellar component
within the SMBH influence radius has been estimated to be ∼ 10 Gyr or even longer (Merritt,
2010, fig. 3). However our investigation focuses on the young population of stars in the CW
disc: due to their coherent motion, stars in a disc self-relax on a much shorter time-scale
T〈e2〉, that can be computed as the time over which the mean-square-eccentricities of stars
grow from zero to a given 〈e2〉 (Stewart and Ida, 2000). If we assume a CW-disc like structure
and we use 〈e2〉1/2 ≈ 0.3, it follows that T〈e2〉 ∼ 100 Myr (Šubr and Haas, 2014, equation 4).
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Fig. 2.4. From left to right: distribution of semi-major axes, eccentricities, pericentre
radii, and inclinations for objects still bound to the SMBH. Inclinations are calculated
with respect to the initial orbit of the binary (i.e. the CW disc plane). Top row: set A;
central row: set B; bottom row: set C. Red shaded histograms: initial distribution; black
histograms: BHs at 1 Myr; light blue dashed histograms: NSs at 1 Myr; orange histograms:
secondary stars at 1 Myr. Each histogram is normalized to unity.
Tab. 2.2. Fraction of objects that become unbound from the SMBH.
Object type set A set B set C
all 6% 6% 5%
BHs 0% 0.4% 0.04%
NSs 3% 24% 2%
II star 10% 0.05% 8%
Column 1: ‘Object type’ indicates if a given object is a BH, a NS, a secondary (II) star or all
possible objects. Columns 2, 3, and 4: ‘set A’, ‘set B’, and ‘set C’ indicate the statistics for each
set of runs. Per each set, we list the fraction of unbound bodies over their total number, the
relative fraction of unbound BH, NSs and secondary stars.
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Fig. 2.5. Stellar pericentre distance (rp) versus eccentricity (e) of stars and compact
remnants in set A (top), B (centre) and C (bottom), at the end of the simulations. The left-
hand column shows all stars in each simulation set, the central panel shows only compact
remnants, and the right-hand panel shows the secondary stars. For comparison, we plot the
values of e and rp for G1 (orange square), G2 (red circle), and for the S-cluster members
(white stars) over the scatter plot of secondary stars. The colour bar represents the density
of points.
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Fig. 2.6. Cumulative distribution of objects that escape (i.e. become unbound from) the
SMBH, Nu, with radial velocity component vr greater than a threshold velocity v, as a
function of v, at the end of the simulations. Light blue open circles: SN compact remnants;
orange filled circles: secondary binary members. Escaping BHs are marked with a black
filled circle. Bound binary systems that escape the SMBH are marked with a red circle.
From top to bottom: cumulative radial velocity distribution for sets A, B and C.
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Tab. 2.3. Fraction of stellar binaries that do not break 1 Myr after the SN kick.
Object type set A set B set C
all 38% 48% 39%
BHs 69% 80% 71%
NSs 2% 11% 2%
Column 1: ‘Object type’ indicates if we consider all the binaries in the simulation, the binaries
with a BH or the ones with a NS. Columns 2, 3, and 4: ‘set A’, ‘set B’, and ‘set C’ indicate the
statistics for each set of runs. Per each set, we list the fraction of objects that are still bound in
a binary stellar system 1 Myr after the SN explosion; we list the fraction of survived binaries
over the total initial number of binaries and the fraction of BHs or NSs in a bound binary
normalized to the total of BHs or NSs in our simulations.
opposite trend in sets A and C, where secondary binary members are generally
lighter than NSs: about 10% companion stars end up unbound, while only a few
per cent of NSs escape. Only few BHs become unbound from the SMBH: 0%,
0.4%, and 0.04% in sets A, B and C, respectively. Table 2.2 is a summary of these
possible outcomes.
Figure 2.6 shows the cumulative distribution of radial velocities of stars and com-
pact remnants that escape the SMBH potential well. One to a few per cent of
these objects attain escape velocities > 900 km s−1, thus they may potentially be
detected as hyper-velocity stars escaping the galactic potential (a more accurate
investigation was already done by Zubovas et al. 2013). In set A and C, hyper-
velocity stars are secondary binary members (except for one NS in set A). In set
B only five secondary stars escape from the SMBH, while the NSs are the fastest
escapers. In four cases, both binary members escape the SMBH potential and they
stay bound in a binary system.
Stellar binaries break after the SN explosion in the 50− 60% of runs. Table 2.3
lists the fraction of binaries that survive the SN kick. A higher fraction of binaries
do not break in set B, because secondary stars are more massive than compact
remnants; however secondary stars will undergo SN explosion in a short timescale,
thus even these binaries might be disrupted in few Myr.
2.3 Discussion
2.3.1 The population of dark remnants
Our results show that in all simulation sets SN explosions are not effective in
scattering massive objects on new orbits. If we assume continuous star formation
in the inner pc, our simulations predict that a dark cluster of BHs may have formed
within the influence radius of the SMBH, because natal kicks do not modify the
BH orbital properties significantly.
In set B, secondary stars (which are particularly massive) behave in a similar
way as BHs, dominating the mass distribution within ∼ 0.02− 0.5 pc. However,
almost all these high-mass stars will undergo a SN explosion within a few Myr
and will get a further kick, changing their density distribution around the SMBH.
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Fig. 2.7. Azimuthal angle (θ) distribution of secondary stars and compact remnants still
bound to the SMBH at the end of the integration. The initial disc is located at θ = 90o.
Top panel: set A; central panel: set B; bottom panel: set C. Black histograms: BHs at 1
Myr; light blue dashed histograms: NSs at 1 Myr; orange histograms: secondary stars at
1 Myr. Each histogram is normalized to unity.
Addressing their subsequent evolution is beyond the aim of this study; however we
can speculate about their possible final distribution. It is reasonable to expect that
a considerable fraction of the heavier BHs generated from secondary stars will keep
moving in the same region, as SN kicks are expected to be weaker if the remnant is
a BH. As a consequence, we expect the BH population of set B to acquire further
members after the SN explosion of secondary stars. Thus, our simulations clearly
show that an excess of dark remnants may hide inside the central parsecs of the
Galaxy.
The angular distribution of objects resembles the initial one, i.e. all stars and rem-
nants are preferentially found in the plane of the CW disc, even if light stars spread
more their angular distribution, as shown in Figure 2.7 and in agreement with
(Mikhaloff and Perets, 2017); the final distribution of stars and compact remnants
is flattened in our simulations. However, several star formation episodes might
have occurred in disc-like structures (such as the CW disc) around the SMBH,
with possibly different orientations; this possibility is theoretically explored e.g.
in Aharon and Perets (2015). This might have contributed to build a cluster
of dark remnants along the history of the GC. Several episodes of star formation
within randomly oriented discs would result in a relatively isotropic distribution of
remnants; in addition, secular processes as Kozai-Lidov oscillations (Kozai, 1962;
Lidov, 1962), resonant relaxation (Rauch and Tremaine, 1996) or efficient two-body
relaxation (Perets et al., 2008; Mikhaloff and Perets, 2017) may have assisted the
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isotropisation of stellar orbits(3).
The presence of a cusp within the inner parsec of our Galaxy can also give new
hints on the origin of S-stars: Hills (1988) proposed that both the S-star cluster
and hyper-velocity stars within the galactic bulge may have originated by the tidal
breakup of binaries passing close to the SMBH; Šubr and Haas (2016) investigated
this possibility via N -body simulations, and they reproduce fairly well the orbital
parameters of S-stars when they take in account the presence of a possible stellar
or dark cusp.
2.3.2 The NS distribution
In our simulations, NSs are easily scattered far away from the SMBH, especially
when they are bound to a massive companion. SN kicks are believed to have
isotropic orientations; our simulations show that NSs have a greater probability
to end up further away from the SMBH rather than closer in, as expected from
geometrical arguments(4). NS natal kicks may attain high velocities according to
Hobbs et al. (2005); in our simulations, we implicitly assumed that SN kicks have a
constant distribution in momenta rather than in velocities, thus it is not surprising
that NSs are heavily affected by their natal kick. We also expect that SN kicks will
deeply affect NS orbits, even when they are not part of a binary system. Thus, we
suggest that the dearth of NSs observed in the GC may be due to SN kicks.
Assuming a star formation rate in the GC of ∼ 10−3 stars yr−1 (Pfuhl et al., 2011)
and introducing a correction factor to account for the fact that we did not simulate
the low-mass end of the initial mass function (see Section 2.1), we can compute the
number of NSs that may remain in the GC within 10 Myr or 1 Gyr, i.e. the typical
lifespan of respectively a canonical pulsar (CP) and a millisecond pulsar (MSP).
Considering only sets A and C, we find that ∼ 500 (∼ 800) NSs would be located
within the innermost 0.1 pc (1 pc) after 10 Myr, and ∼ 5× 104 (∼ 8× 104) would
be found in the same region after 1 Gyr.(5)
Rajwade et al. (2016) recently estimated the observable fraction of NSs in the in-
ner pc of the Galaxy, and found that only the ∼2% of CPs and 0.1% of MSPs
are nowadays detectable, even neglecting free-free absorption and multi-path scat-
tering. They conclude that the maximum number of pulsars pointing toward us
compatible with the null result of present-day surveys is 50 CPs and 1430 MSPs,
suggesting that we still do not have a definitive proof of missing pulsars. Following
the calculations of Rajwade et al. (2016) and the results in the survey by Mac-
(3) Note that earlier CW-disc like structures are expected to maintain a relatively thin configu-
ration even after 100 Myr, thus they could still be observed in the GC (Mikhaloff and Perets,
2017).
(4) If we take a sphere S of radius r, centered on the SMBH and passing through the position P
of the exploding SN, and we consider the family of straight lines through P (i.e. all possible
directions of the SN kick), half of them is found to avoid the sphere S; the other half will
enter S, but it has to exit the sphere after covering a distance in the range (0, 2r). This means
that if we consider all the possible directions of the kick, in most cases the NS will end up
farther away from the SMBH.
(5) Note that the estimates we present are to be considered upper bounds on the number of
NS that would remain inside 0.1 or 1 pc; as a matter of fact, we neglected NSs without a
companion by assuming the binary fraction to be 1, but isolated NSs cannot share their natal
kick with a companion and we expect them to spread farther away from the SMBH even more
than NSs in binaries.
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Fig. 2.8. Eccentricity (e) versus the semi-major axis (s) of secondary stars at the end of the
simulations, in set A (left), B (centre) and C (right). For comparison, we plot the values
of e and a for G1 (orange square), G2 (red circle), and for the S-cluster members (white
stars).
Fig. 2.9. Eccentricity (e) versus the orbital inclination (i) with respect of the CW disc of
kicked secondary stars in set A (left), B (centre) and C (right), at the end of the simulations.
For comparison, we plot the values of e and i for G1 (orange square), G2 (red circle), and
for the S-cluster members (white stars).
quart and Kanekar (2015), if we assume that all our simulated NSs behave as CPs
(MSPs), we would expect to observe ∼5 (∼ 250) of them at most; in addition, NSs
can behave as MSP only in case they stay bound to the companion star or they
dynamically acquire a massive companion; only 2% of NSs in sets A and C do not
break after the SN explosion, thus the number of candidate MSP in our sample
could be reduced by a factor ∼ 102. We will investigate these aspects in more detail
in a forthcoming paper.
2.3.3 The S-cluster, G1 and G2
The third column of Figure 2.5 and the three panels in Figure 2.8 and 2.9 compare
the orbital elements of secondary stars in our simulations with those of the S-stars,
G1 and G2. The scatter plots show the pericentre radii (rp), semi-major axes (a)
and orbital inclinations (i) versus the orbital eccentricity (e), respectively. From
these Figures it is apparent that the orbits of the S-stars with e . 0.5 may originate
from the SN kick of a massive companion, especially in Set C, where the inner edge
of the disc is closer to the SMBH. However, most S-stars with eccentricities . 0.5
are compatible with a CW-disc origin even without invoking a SN event.
A second bunch of S-stars have eccentricity e & 0.7; the orbits of these S-stars (as
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well as those of G1 and G2) are marginally consistent with our distributions in sets
A and C, but not in set B. In particular, the 2.5% (3%) of secondary stars have
rp < 10−2 pc and e > 0.7 in our simulation set A (set C).
The orbital properties of a small fraction of the simulated stars in set A and C match
those of G1 and especially G2. The fraction of secondary stars with eccentricity
and semi-major axis compatible with those of G2 is 0.8% and 1.0% in set A and
C, respectively. The fraction of secondary stars with eccentricity and semi-major
axis compatible with those of G1 is equal to 0.15% for set C, while no stars match
G1’s orbit in set A. Low-mass stars experience a long pre-main sequence phase, and
by the time they exit this phase a massive star born in the same star formation
episode may experience the SN explosion; we propose that G1 and G2 are pre-
main sequence stars that were orbiting a massive star in the CW-disc, and they
were kicked on a highly eccentric orbit by the SN kick of the companion.
2.3.4 X-ray binaries
Chandra X-ray observations of the GC and Galactic bulge show that X-ray emitters
are highly concentrated in the GC, in excess with respect to the expectations from
stellar distribution models (Muno et al., 2005; Hong et al., 2009). This excess is
mainly attributed to magnetic cataclysmic variables and primarily intermediate
polars (Hong et al., 2009). At least part of this X-ray excess might originate from
an accreting BH or NS binary.
In our simulations, a significant fraction (40− 50%) of stars is still part of a binary
after the SN kick (Table 2.3). To provide an order-of-magnitude estimate of how
many of these simulated binaries might become X-ray emitters, we consider the
minimum (min(R∗)) and maximum (max(R∗)) radius of each secondary star during
its life, as obtained from the PARSEC stellar evolutionary tracks (Bressan et al.,
2012). We then compare the minimum and maximum radii with the Roche lobe
limit, obtaining a lower and upper limit for the number of binaries that may undergo
Roche lobe overflow in our simulations. Our calculations show that 0− 30% of
surviving binaries may undergo a phase of Roche-lobe overflow in sets A and C.
The fraction of estimated Roche-lobe overflow systems is 0− 76% in set B: if the
secondary star is almost as massive as the primary, a non-negligible fraction of
binaries in our simulation may become X-ray binaries (but we stress that our back-
of-the-envelope calculation does not account for the lifetime of the companion star).
Table 2.4 shows these results.
Hong et al. (2009) found that the density of X-ray sources within a region of 40× 40
pc2 surrounding SgrA* is ∼ 10−6M−1 , compatible with our generous upper limits.
However, Hong et al. (2009) take into account all observed X-ray sources within
an area much larger than the central pc, thus a direct comparison with our results
cannot be done. Moreover, to compare our results with observations we would need
to account for binary evolution processes (such as Roche lobe overflow and wind
accretion), which are not included in our simulations. A more accurate study of
this aspect will be the subject of a forthcoming paper.
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Tab. 2.4. Fraction of stellar binaries that may turn on as X-ray emitters.
set A set B set C
min(R∗) 0 0.1% 0.01%
max(R∗) 27% 76% 29%
Columns 1, 2, and 3: ‘set A’, ‘set B’, and ‘set C’ indicate the statistics for each set of runs. Per
each set, we list the fraction of stellar binaries surviving the SN kick that may turn on as X-ray
sources, normalized to the total number of surviving binaries; the first line indicates a lower
limit, the second line an upper limit in the possible X-ray emitters; see text for details.
2.3.5 Caveats
In our simulations, we did not take in account any secular processes. Mass pre-
cession may occur due to the spherical distribution of late-type stars in the GC;
however this process would only cause pericentre advance and would let our results
unaffected (Šubr and Haas, 2012). Kozai-Lidov resonances (Kozai, 1962; Lidov,
1962) may have a role especially for stars with large semi-major axes; however
Kozai cycles are expected to occur for stars misaligned to the CW disc; in addi-
tion, the spherical distribution of old stars would damp the cycles even for stars
with inclined orbits. The net effect we may expect is a change in the longitude of the
ascending node and argument of the pericentre, but again our results would prob-
ably be unchanged (Mapelli et al., 2013a; Trani et al., 2016). Moreover, two-body
encounters can significantly affect the distribution of eccentricities and semi-major
axes (e.g. Trani et al. 2016).
A second possible issue of our simulations is the dependence of our results on the
adopted kick distribution. The SN kick distribution is still highly debated (e.g.
Beniamini and Piran 2016, and references therein). We aim at investigating this
issue in a future paper. However, we notice that our main result (i.e. the formation
of a dark cusp) remains mostly unaffected by the prescription we adopt for the kick.
In fact, recent studies (Fryer et al., 2012; Mapelli et al., 2013b) suggest that BH
kicks might be close to zero for all direct-collapse BHs, while our model attributes
quite large kicks to BHs, even if they come from direct collapse. In this respect,
our results represent a lower-limit for the building-up of a dark cusp.
2.4 Summary
In this chapter, we investigated the possibility that SN kicks occurring in binary
systems affect the orbits of stars and stellar remnants in the GC, by means of
regularized three-body simulations. We performed three main sets of simulations,
changing the mass distribution of the secondary component of the binary and the
inner edge of the initial disc.
Our results show that BH remnants do not change their orbits significantly. Thus,
several episodes of star formations in the GC may have built-up a cusp of BHs
within the radius of influence of the SMBH. In contrast, NSs are generally scattered
away from SgrA∗ and they may end up sweeping highly eccentric orbits; thus the
missing pulsars problem may be a result of SN natal kicks, especially if a great
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number of NS progenitors are initially bound to a companion with a similar mass.
Finally, we propose that G1 and G2 might have been low-mass stellar companions to
massive CW-disc stars. When their massive companions underwent a SN explosion,
G1 and G2 attained their highly eccentric orbits around the SMBH.
3
Can Supernova Kicks trigger EMRIS
in the Galactic Centre?
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Extreme mass ratio inspirals (EMRIs) are gravitational-wave (GW) driven decays
of stellar-mass compact objects (COs) onto supermassive black holes (SMBHs). In
recent years, a growing body of literature has been devoted to the generation of
EMRIs (e.g. Levin 2003; Miller et al. 2005; Hopman and Alexander 2005, 2006;
Amaro-Seoane et al. 2007; Merritt et al. 2011; Amaro-Seoane et al. 2013; Brem et al.
2014; Aharon and Perets 2016; Bar-Or and Alexander 2016; Babak et al. 2017; Chen
and Han 2018; see also the recent review by Amaro-Seoane 2018) as they could be
detected in the near future by LISA, the space-borne GW interferometer selected
by ESA for L3 (Amaro-Seoane et al., 2017). Tipically, EMRIs will shine in the
milli-Hertz band of LISA completing up to ∼ 105 cycles over the lifetime of the
detector: such long-lived waveforms will exquisitely map the spacetime around
SMBHs, and will provide unprecedented information on the SMBH masses, spins
and host environments (Gair et al., 2013; Barausse et al., 2014).
In the standard picture, EMRIs are generated when a CO orbiting a SMBH is
pushed on a sufficiently bound, low angular momentum orbit via two-body stellar
scatterings (Hils and Bender, 1995; Sigurdsson and Rees, 1997). The efficiency of
this process is expected to be rather low: the event rate of relaxation-driven EMRIs
has been inferred to lie in the range 10−9 − 10−6 per galaxy per year. Yet, given
that LISA will observe EMRIs up to z ≈ 1, a few up to a few thousand EMRI
signals are expected to enter the LISA band every year (Babak et al., 2017).
In this paper, we propose a novel, alternative mechanism for triggering EMRIs:
through the supernova (SN) natal kick received by neutron stars (NSs) and stellar-
mass black holes (BHs) at their birth. Circumstantial evidence suggests that NS
kicks are very fast, and considerably exceed the typical orbital velocity of stars in
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the field (Hobbs et al., 2005), even if a slow-kick NS population may also exist (Fryer
et al., 1998; Pfahl et al., 2002; Arzoumanian et al., 2002; Beniamini and Piran,
2016; Verbunt et al., 2017; Mapelli and Giacobbo, 2018; Giacobbo and Mapelli,
2018). The kick distribution of BHs is much more debated, but theoretical and
observational arguments suggest that, on average, BHs receive kicks that are either
below or comparable to the fast NS kicks (Willems et al., 2005; Gualandris et al.,
2005; Fragos et al., 2009; Repetto et al., 2012; Janka, 2013; Mandel, 2016; Repetto
et al., 2017; Mirabel, 2017).
When a SN kick occurs near a SMBH, the infant CO is likely scattered on a
completely different orbit (Bortolas et al., 2017), which might attain a very low
angular momentum. Therefore, the newborn CO could gradually sink onto the
SMBH via GW emission, reaching its ultimate coalescence before stellar orbital
perturbations significantly deflect its trajectory. In what follows, we will refer to
these events as SN-EMRIs.
SN-EMRIs can solely occur in galactic nuclei hosting young (. 30Myr) and massive
(& 9M) stars whose life terminates in a SN explosion; furthermore, SN-EMIRs
can be detected by LISA only if the inspiral occurs about a SMBH of 104− 107M
at z . 1 (Amaro-Seoane et al., 2017). The closest nucleus to us, the Galactic
Centre (GC), meets all the aforementioned requirements: it hosts a SMBH of
≈ 4.3 × 106M (Schödel et al., 2002; Ghez et al., 2003; Gillessen et al., 2017),
and several hundreds of young massive (O, B and Wolf-Rayet) stars have been
spotted within the innermost 0.5 pc (Paumard et al., 2006; Bartko et al., 2009;
Do et al., 2013; Yelda et al., 2014). Furthermore, observations suggest that the
recent (. a few Myr, Lu et al. 2013; Habibi et al. 2017) star formation episode
in the GC is associated to a top-heavy mass function (Lu et al., 2013), implying
that massive stars formed more effectively near the SMBH compared to the field.
Owing to its vicinity, the GC is by far the best known galactic nucleus (see e.g.
the review by Mapelli and Gualandris 2016), thus we can model it with a great
detail; in particular, the nuclear stellar cluster at its centre appears similar to other
analogous regions observed in nearby galaxies (Schödel et al., 2014a), thus the GC
can serve as a benchmark for the study of other nuclei.
Motivated by this, in the present paper we adopt a Monte-Carlo approach to inves-
tigate the genesis of EMRIs triggered by SN kicks at the GC. Sec. 3.1 lays out the
theoretical framework for SN-EMRIs production (3.1.1), presents our modelling of
the distribution functions adopted in the study (3.1.2) and describes our numeri-
cal Monte-Carlo approach (3.1.3). Sec. 3.2 details the results of our investigation,
which are then discussed in Sec. 3.3.
3.1 Model and methods
3.1.1 Theoretical framework
Let us suppose that a SMBH of mass M• sits at the origin of the coordinate
system, and that a massive star (of mass mi  M•) orbits in a Keplerian fashion
within its sphere of influence, with initial semimajor axis ai and eccentricity ei.
When the star undergoes an SN, its orbit gets significantly perturbed. For the
sake of simplicity, the SN event is assumed to occur instantaneously: this allows to
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keep fixed the position r (of modulus r) at which the SN takes place; the pre-SN
Keplerian velocity at r is indicated with vi. The SN kick can be mimicked by
adding a velocity vector vk, so that the newborn CO velocity is v ≡ vi + vk, and
lowering the pre-SN stellar mass mi to the post-SN, CO mass (mCO).
After the kick, the CO is still bound to the SMBH if its energy per unit mass
E =
1
2v
2 −GM
r
(3.1)
is negative; here v2 = v · v, G is the gravitational constant andM =M•+mCO(≈
M•). If E > 0, the CO gets unbound from the SMBH and we assume it to be lost
for the purpose of SN-EMRIs. If, instead, E < 0, the new semimajor axis a and
eccentricity e of the CO can be computed via
a = −GM2E ; (3.2a)
GMa(1− e2) = |r× v|2. (3.2b)
Given the new orbital parameters, the timescale required for the CO to inspiral
onto the SMBH via the release of GWs is (Peters, 1964):
tGW ≈ 564
c5a4
G3M2mCO
f(e); (3.3a)
f(e) = (1− e2)7/2
(
1+ 7324e
2 +
37
96e
4
)−1
, (3.3b)
where c is light speed. Notably, tGW is a strong function of the eccentricity. The
inspiral timescale can be re-written as
tGW ≈ 14 Gyr
(
a
3.3× 10−4pc
)4 ( M
4.3× 106M
)−2
(
mCO
25M
)−1
(1− e2)7/2;
(3.4)
in the assumption of e ≈ 1. Even if tGW has to be shorter than a Hubble timescale
(here assumed of 14 Gyr) in order for the CO to be an EMRI candidate, this
condition does not guarantee the inspiral to be successful, as repeated two-body
encounters with background stars may irreparably perturb CO orbit and suppress
the GW-induced decay.
Two-body relaxation (NRR)
The effect of two-body, non-resonant relaxation (NRR) is two-folded: on the one
hand, it may push stars on low angular momentum orbits and trigger the genera-
tion of EMRIs (Hils and Bender, 1995; Sigurdsson and Rees, 1997; Amaro-Seoane
et al., 2007). On the other hand, and crucially in the SN-EMRI framework, NRR
gradually perturbs the orbit of COs, thus EMRI candidates are likely to fail their
inspiral if the duration of their GW decay exceeds the typical timescale over which
NRR significantly deflects their trajectory. The time for gravitational two-body
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Fig. 3.1. Value of CγNRR (adopted for the evaluation of the angular-momentum NRR
timescale in Eq. 3.6) as a function of γNRR (i.e. the slope of the assumed power-
law density profile, nNRR(r) ∝ r−γNRR). The dashed cyan and solid grey lines mark
the values of γNRR adopted in the present work for the background population (1.25
and 2); as a reference, CγNRR = {5.74, 2.97, 2.06, 1.61, 1.35, 1.19, 1.01, 0.98} for γNRR =
{0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3}.
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Fig. 3.2. NRR timescale (tr, computed via Eq. 3.6), as a function of the semimajor axis
a of stars orbiting the 4.3× 106M SMBH at the GC. The NRR timescale is evaluated
assuming that relaxation effects are induced either by a steep cusp of relatively heavy
stellar BHs (H population, solid black line) or by a shallower cusp populated by 1M stars
(L population, dashed cyan line); the quantities adopted for the computation of tr in the
two cases are detailed in Tab 3.1.
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Fig. 3.3. (1 − e, a) phase space about the SMBH . COs scattered (either by NNR or
via their natal kick) below the red solid line are classified as direct plunges, for which
rp ≡ a(1− e) < 6rg ≡ r•. The black solid (cyan dashed) line represents the outermost
border of the region were proper EMRIs may occur according to Eq. 3.7, assuming that the
H (L) population dominates NRR at the GC. COs need to be scattered in the green hatched
area to be classified as proper EMRIs. The plot further shows the phase space location
of the S-stars (Gillessen et al. 2017, orange circles), excluding the eight S-stars classified
as CW disc members; the violet dotted line delimits the region for which the GW inspiral
timescale of a 10M CO equals the Hubble time. Finally, the blue dash-dotted line displays
the Schwarzschild barrier (Eq. 3.8, Merritt et al., 2011) traced assuming CSB = 0.7 and
the properties of the H background population; we stress that the Schwarzschild barrier
does not affect the generation of SN-EMRIs.
Tab. 3.1. Properties of the two populations assumed to dominate NRR at the GC
Background pop. m? γNRR NNRR(< 1 pc) tr(0.1 pc)
Light stars (‘L’) 1 M 1.25 106 1× 1010 yr
Heavy stars (‘H’) 10 M 2 104 3.8× 109 yr
We report the quantities adopted in the computation of the NRR time in Eq. 3.6, exploring two
possible stellar populations that dominate the GC relaxation effects: a shallow cusp of standard,
relatively light stars (L, first row), and a steeper cusp of heavier stellar BHs (H, second row).
Each column indicates, for each population: the typical stellar mass m?; the slope of the density
profile, assumed to take the form nNRR(r) ∝ r−γNRR ; the number of objects NNRR with
semimajor axis shorter than 1 pc relative to the central SMBH; the NRR timescale tr evaluated
at a = 0.1 pc.
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encounters to change the angular momentum j of a body of the order of itself is
(Hopman and Alexander, 2005; Merritt et al., 2011)
tj =
(
j
jc
)2
tr = (1− e2)tr −−−→
e→1 2(1− e)tr, (3.5)
where jc is the angular momentum of an object with the same semimajor axis on
a circular orbit, and tr indicates the NRR timescale (Spitzer, 1988). Such latter
quantity is best obtained by accounting for the fact that NRR acts more efficiently
on very eccentric COs (i.e. those expected to undergo an EMRI, Amaro-Seoane
et al. 2007) as implied in Eq. 3.5: that is, low-angular-momentum bodies relax more
efficiently(1). For this reason, we chose to compute the NRR time tr associated
with angular momentum changes rather than the typically adopted one, evaluating
energy changes. Following Hopman and Alexander (2005), we derived the orbit-
averaged, Fokker-Plank diffusion coefficient describing NRR scattering in angular
momentum, and we define tr as the inverse of such coefficient (see Appendix B in
Merritt et al. 2011). The obtained timescale as a function of the semimajor axis a
of a generic star within the SMBH influence sphere is
tr =
3
√
2pi2
32CγNRR
(
GM•
a
)3/2 aγNRR
G2m?m′N0 lnΛ
; (3.6)
here we assumed that stars distribute isotropically and homogeneously about the
SMBH, and the number density nNRR of stars about the SMBH scales as nNRR(a) ∝
a−γNRR , γNRR > 0.5; N0 is the normalizing constant to the number NNRR of stars
within a given a, i.e. NNRR(< a) = N0a3−γNRR . CγNRR is a constant that solely
depends on γNRR; CγNRR as a function of γNRR is plotted in Fig. 3.1. In Eq. 3.6,
m? represents the typical mass of stars that dominate NRR, while m′ is the mass
of the star undergoing NRR. Finally, lnΛ is the Coulombian logarithm, which can
be approximated as lnΛ = ln [M•/ (2m?)] within the SMBH sphere of influence
(following Merritt et al. 2011). The relaxation time tr as a function of a for two
assumed populations at the GC is displayed in Fig. 3.2; we assumed a shallow
cusp of relatively light stars (L population) and a steep cusp of heavier stellar BHs
(H population); the properties of the two groups are summarized in Tab. 3.1 and
justified in Sec. 3.1.2.
In order for a potential EMRI to complete its GW inspiral before NRR scatters
it on a new trajectory, its GW decay timescale (tGW, Eq. 3.3) has to be shorter
than 2(1− e)tr, with tr computed via Eq. (3.6). Equating the two timescales, it
is possible to compute the limiting semimajor axis below which NRR is no longer
efficient at quashing GW inspirals:
a−γNRR+11/2NRR =
6
√
2pi2
5CγNRR
1− e2
f(e)
(GM•)5/2
c5
M•
m?
1
N0 lnΛ
. (3.7)
(1) The diffusion in angular momentum resulting from NRR (addressed here) should not be
confused with the so-called resonant relaxation: the former results from uncorrelated two-
body encounters with stars; the latter occurs as stars orbiting the SMBH in a Keplerian
fashion swipe roughly the same elliptical orbit over a long coherence period, maintaining
a fixed relative orientation between each other; thus, in the latter case the gravitational
interactions between stars are highly correlated, and produce an enhanced random walk of
stars in angular momentum. An enlightening discussion on the mentioned mechanisms can
be found in See sec. 2 of Bar-Or and Alexander (2016).
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The separatrix between the two regimes (Eq. 3.7) is displayed in Fig. 3.3 with a
solid black (cyan dashed) line assuming the H (L) population to dominate NRR
at the innermost GC parsec. If a CO sits at the left-hand side of such line (i.e.,
a < aNRR), NRR does not have enough time to perturb the CO orbit prior to the
final coalescence.
The ‘Schwarzschild barrier’
It has been suggested that potential EMRIs induced by traditional NRR processes
would hardly cross the so-called Schwarzschild barrier, a boundary in phase space
resulting from the coupling between resonant relaxation and relativistic precession
(Merritt et al., 2011). The the barrier can be parametrized via
(1− e2)SB = 1.9 (CSB/0.7)2 (rg/a)2 (M•/m?)2NNRR(a)−1, (3.8)
where CSB ≈ 0.1− 1 (Merritt et al., 2011; Brem et al., 2014) is an empirically
determined constant and NNRR(a) is the number of bodies inside a (Merritt et al.,
2011). The Schwarzschild barrier is shown as a blue dash-dotted line in Fig. 3.3.
The presence of the barrier was originally believe to significantly suppress the rate
of EMRIs induced by NRR (Merritt et al., 2011), but more recent studies suggest
that the effect of the barrier is not as severe (Amaro-Seoane et al. 2013; Brem
et al. 2014; see Sec. 7.6 of Amaro-Seoane 2018); in any case, SN-EMRIs ignore the
presence of the barrier, as they are generated via a process other than NRR.
Direct plunges
In order for an EMRI to be successfully detected, the CO needs to swipe its orbit
multiple times while emitting detectable GWs. COs directly plunging into the
SMBH innermost stable circular orbit (ISCO, r•), without undergoing a proper
inspiral, are referred to as direct plunges, and they are expected to be swallowed
by the SMBH without emitting significant GW radiation, thus being undetectable
by LISA unless they they originate from the GC (Hopman and Alexander, 2005);
in any case, the information contained in the signal would be very little. The
gravitational radius of an SMBH is defined as
rg =
GM•
c2
; (3.9)
if a SMBH is not rotating (Schwarzschild SMBH), then r• = 6rg. If the CO
periapsis rp = a(1− e) falls inside r•, the CO is assumed to directly enter the SMBH
and avoid a proper EMRI, thus it is classified as a direct plunge. Traditionally,
direct plunges have been distinguished from EMRIs by placing the direct-plunge
line at rp = 8rg, as highly eccentric orbits with 6rg < rp < 8rg emit significant GW
only at periapsis, rather than emitting the continuously detectable, typical EMRI
signal that best maps spacetime about the SMBH (e.g. Amaro-Seoane et al., 2017);
such highly eccentric sources have been named ‘extreme mass ratio bursts’ (Rubbo
et al., 2006). These events have been recently shown to be promising sources for
LISA if they originate from the GC or from a very nearby nucleus (Berry and Gair,
2013a,b); for this, here we set the delimiting line between plunges and EMRIs at
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6rg. The line separating plunges from other outcomes is shown as a red line in
Fig. 3.3.
For the sake of completeness, we mention that when a SMBH is significantly ro-
tating, r• assumes different values depending on the dimensionless SMBH spin
parameter S, and on the orientation of the CO orbital angular momentum with
respect to the SMBH spin. Notably, EMRI rates (versus plunge rates) were found
to be boosted up to a factor of ∼ 30 if the SMBH is significantly rotating (Amaro-
Seoane et al., 2013). Here we will assume a Schwarzschild, non-rotating SMBH
(S = 0, r• = 6rg), consistently with the probably slowly spinning SMBH at the
GC (S ≈ 0.4, Kato et al. 2010), as no substantial enhancement of the EMRI rates
is induced by the SMBH spin if S . 0.7 (Amaro-Seoane et al., 2013).
To sum up, a proper SN-EMRI can occur if the SN kick transfers the newborn CO
on a orbit semimajor axis is smaller than the threshold value aNRR (Eq. 3.7) at
which NRR effects would deflect its orbit prior to coalescence, and whose pericentre
is greater than rp = 6rg. We will refer to this as the ‘EMRI’ region of phase space.
Further rejection criteria
Depending on the progenitor star properties (i.e. its mi, ai, ei) the SN-EMRI could
be aborted prior to the SN event. Here we list the other cases in which we assume
no EMRI can occur (even if the orbit is in the EMRI region of phase space).
1. If the progenitor star initially orbits very near the SMBH, its GW inspiral
timescale (Eq. 3.3, using mi instead of mCO) can be shorter than the time
spanning from the star birth to its SN explosion. If this happens, the object
is lost into the SMBH prior to experiencing the SN.
2. Analogously, if the progenitor star pericentre rp,i = ai(1− ei) is smaller than
its tidal disruption radius, i.e. rp,i < (2M•/mi)1/3Rstrip, the star undergoes
tidal disruption and is lost for the purpose of SN-EMRIs. In our model, we
set Rstrip = 2.4R.
Referring to point (ii) above, the progenitor star could survive tidal disruption,
while being stripped solely of its outer envelope. Such naked stellar core can be
identified by checking whether rp,i < (M•/mi)1/3Rmax, where Rmax represents the
maximum radius attained by the star during its stellar evolutionary phases. We
consider naked stellar cores to be valid SN-EMRI progenitors and we treat them as
standard progenitor stars, although the missing envelope might affect their natal
kick.
3.1.2 Model
In order to explore the generation of SN-EMRIs in the GC, one has to assume
how stellar masses, orbits and SN velocity kicks of the young stellar population
distribute around the SMBH. For this, in what follows we detail the distributions
we adopted for our study.
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Tab. 3.2. Initial conditions of the explored CO progenitor populations assumed at the GC
Population name Label ai,min [pc] ai,max [pc] γi ecc. distr. BH kicks
CW disc CWD 0.040 0.13 1.93 GE fast/slow
S-cluster SCL 0.001 0.04 1.10 TE fast/slow
concentr. profile, GE CP-G 0.001 1.00 2.00 GE fast/slow
concentr. profile, TE CP-T 0.001 1.00 2.00 TE fast/slow
shallow profile, GE SP-G 0.001 1.00 1.25 GE fast/slow
shallow profile, TE SP-T 0.001 1.00 1.25 TE fast/slow
Each row lists the parameters adopted for describing the different young populations at the GC
that undergo SN kicks. We modelled the observed CW disc of stars and S-star cluster, and we
further explored a generic cuspy distribution for young stars at the GC. The first column reports
the name given to the population of progenitor stars; the second column shows the label we used
to refer to each population throughout the paper; the third and fourth columns show the
minimum and maximum value of the semimajor axis; the fifth column lists the slope of the
density profile of the young stars, ni(ai) ∝ a−γii ; the sixth column displays the eccentricity
distribution adopted for each population, either a thermal one [TE, ne(ei) ∝ ei] or a Gaussian
distribution (GE) centred at < ei >= 0.3 and with dispersion of 0.1; finally, the last column
indicated that the SN kicks imparted to stellar BHs have been both not normalized (‘fast’) or
normalized (‘slow’) to the final CO mass (more details are in the text).
Stellar mass function and stellar evolution
The zero age main sequence (ZAMS) mass of the CO progenitor star is distributed
between 9M and 100M according to a top-heavy mass function in the form
dN/dm ∝ m−α, with α = 1.7, in agreement with the recent observations of young
stars in the GC (Lu et al., 2013). We also verified that our results do not change
significantly if we assume a Kroupa (2001) mass function instead.
For any given ZAMS mass, the PARSEC stellar evolutionary tracks at solar metal-
licity (Bressan et al., 2012; Chen et al., 2015) allowed us to obtain the progenitor
mass mi just prior to the SN; the final CO mass is then computed assuming a
delayed SN explosion model (Fryer et al., 2012), following Spera et al. (2015)(2). If
mCO < 3M (≥ 3M), the CO is classified as a NS (a BH). The PARSEC tracks
are also used to compute the time intercurring from the ZAMS to the SN event for
each star, and to estimate the maximum radius Rmax attained by each star along
its lifetime.
Initial orbit of the progenitor star
The distribution of the semimajor axes ai and eccentricities ei of stars undergoing
SN are chosen assuming that young stars in the GC belong to one of the structures
described below.
1. The CW disc. The clockwise (CW) disc is an eccentric discy structure of a
few ×104M populated by young and massive (B, Wolf-Rayet) stars occu-
(2) The zero-age main sequence mass versus mi and mCO is shown in fig. 1 of Bortolas et al.
(2017).
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pying the GC innermost fraction of parsec (Lu et al., 2013). According to
recent observations, we modelled the CW disc as a region extended between
0.04 and 0.13 pc (Do et al., 2013); the eccentricity distribution in the CW
disc was set as a Gaussian centred in < ei >= 0.3 and with dispersion equal
to 0.1 (Yelda et al. 2014; we will refer to the aforementioned Gaussian eccen-
tricity distribution as GE throughout the paper), while the semimajor axis
distribution was set as a power law in the form f(ai) ∝ a0.07i . This latter
choice ensures that the surface density profile in the disc follows the observed
Σ(r) ∝ r−0.93 (Do et al., 2013).
2. The S-star cluster. This is a cluster of at least ∼ 50 stars (mostly of B
stellar type) isotropically distributed in the innermost arcsecond from the
GC SMBH (Morris, 1993; Gillessen et al., 2013). We modelled the S-stars
semimajor axes distribution so that their density profile follows the observed
ni(ai) ∝ a−1.1i in the range [0.001, 0.04] pc (Gillessen et al., 2009, 2017).
The eccentricity distribution of S-stars is observed to be thermal (Gillessen
et al., 2017); accordingly, we represented S-star eccentricities as ne(ei) ∝ ei;
in what follows, we will refer to the thermal eccentricity distribution as TE.
3. A generic stellar profile. Additionally, we also explored the possibility that
progenitors to COs at the GC follow a density profile in the form ni(ai) ∝ a−γii
between 0.001− 1 pc. The smallest allowed ai is comparable to the mini-
mum observed semimajor axis among the S-stars (S55, with a ≈ 0.0043 pc,
Gillessen et al. 2017); the outer cluster limit is set to 1 pc, even if the influ-
ence sphere of the SMBH in the GC reaches ≈ 3 pc (Schödel et al., 2017a;
Gallego-Cano et al., 2017): first of all, young stars at the GC are centrally
concentrated, and 90% of them seem to be found in the innermost 0.5 pc
(Feldmeier-Krause et al., 2015); secondly, stars orbiting the SMBH at larger
distances are very likely to get unbound from the SMBH as a result of their
natal kick, as shown in Fig 3.4. Two slopes for the density profile have been
explored: γi = 1.25 and γi = 2, respectively referred to as the concentrated
and shallow density profile. We explored two different eccentricity distribu-
tions for each: a TE and a GE distribution.
Tab. 3.2 summarizes the parameters of the studied progenitor populations and
reports the associated labels we used throughout the paper. Given that the as-
sumption of a Gaussian rather than a thermal distribution for the eccentricities in
our initial conditions significantly affects our results, we will refer to the progenitor
structures with an underlying TE distribution as the TE cases, while the progenitor
structures assuming the GE distribution are referred to as the GE cases.
We also adopted a Dirac delta function for distributing ai or ei or both, in order to
disentangle the effect of the progenitor orbital parameters on the obtained rates of
SN-EMRIS. We further stress that the initial distribution of young stars undergoing
SN is assumed to be unrelated to the the properties of the underlying, older stellar
population assumed to induce NRR.
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Fig. 3.4. The plot displays the probability of a CO to get unbound from the SMBH as a
result of its natal kick, as a function of the semimajor axis of the progenitor star ai. We
modelled each ai as a Dirac delta distribution; different lines show different assumptions
for the initial eccentricity at each ai; ei is set equal to 0, 0.7, 0.98 (the violet solid, blue
dotted and green dashed line respectively) or assumed to distribute with a TE (red solid
line). We assumed the ‘fast’ prescription for SN kicks (Hobbs et al., 2005). The probability
for each object to get unbound by the kick exceeds 50% at ai ≈ 0.1034 pc (vertical dashed
grey line), at which the circular Keplerian velocity equals the mean value of the SN kick
distribution (≈ 423 km s−1).
Supernova kick
The SN velocity kick is assumed to distribute isotropically in space; the magnitude
of the SN kick imparted to the progenitor star, vk, is drawn from a Maxwellian
distribution with one-dimensional velocity dispersion σ = 265 km s−1 in the case
of NS COs, according to Hobbs et al. (2005). Owing to the large uncertainties on
BH natal kick velocities, we adopted two different approaches: (i) the kick given to
stellar BHs is drawn from the Hobbs distribution as that imparted to NSs (‘fast’ BH
kicks); (ii) the BH kick is drawn from the same distribution and then normalized to
the compact remnant final mass, assuming linear momentum conservation (‘slow’
BH kicks).
Stellar population dominating NRR effects
As anticipated above, we selected two different old stellar populations that may
dominate the NRR effects (i.e., the computation of tr) in our model of the Milky
Way nucleus: (i) light-weighted normal stars with average mass m? = 1M, slope
of the density profile γNRR = 1.25 and number within the inner parsec NNRR(<
1 pc) = 106 (‘L’ population, Schödel et al. 2017a; Gallego-Cano et al. 2017; Baum-
gardt et al. 2017); (ii) heavier stellar-mass BHs with average mass m? = 10M,
with a steeper density profile (γNRR = 2) and for which NNRR(< 1 pc) = 104 (‘H’
population, Baumgardt et al. 2017; Hailey et al. 2018).
Our choice to explore two different populations is motivated by the fact that the
density distribution within the inner parsec of the GC is hardly inferred via infra-
red observations and probably strongly affected by the presence of a massive, in-
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visible cusp of dark remnants (see e.g. the recent observational results by Hailey
et al. 2018, and the theoretical work by Baumgardt et al. 2017); such dark cusp
is expected to result from of mass segregation (Baumgardt et al., 2017) possibly
complemented by the fact that BHs might receive slow kicks at their birth (e.g.
Bortolas et al., 2017). For this, we adopt the ‘H’ case as our fiducial one.
3.1.3 Methodology
Here we sum-up the steps we followed in our Monte Carlo approach to study SN-
EMRIs.
1. We placed the CO progenitor star, whose mass mi is distributed as described
in Sec. 3.1.2, in a Keplerian bound orbit about a M• = 4.3× 106M SMBH.
The star initial orbital parameters ai, ei are chosen according to the distri-
butions presented in Sec. 3.1.2 and in Tab. 3.2. We rejected stars whose
orbital properties lead to a disruption event by the SMBH (as described in
Sec. 3.1.1). The exact point along the orbit at which the SN explosion oc-
curs is obtained by drawing an orbital mean anomaly (which is uniformly
distributed in time) from a uniform distribution in [0, 2pi].
2. We added the SN velocity kick to the Keplerian velocity vector of the star, fol-
lowing the distribution described in Sec. 3.1.2; we also turned the progenitor
mass into the final CO mass according to the prescriptions in Sec. 3.1.2.
3. We computed the new energy of the CO, and we checked if it is still bound
to the SMBH(3). If so, we computed its new orbital parameters (a, e) via
Eq. 3.2, and we checked whether the CO can be classified as an EMRI [if
6rg/(1− e) < a < aNRR] or a direct plunge [if a(1− e) < 6rg].
For each of the explored initial conditions (Tab. 3.2) we performed a large number
of Monte Carlo iterations to filter out statistical fluctuations.
3.1.4 Model limitations
Our investigation suffers from a number of limitations. First of all we neglect the
possibility that stars exploding as SNe may be members of a binary system; this
aspect is important, especially considering that the binary fraction in the CW disc
most probably lies in the range 30− 85% (Pfuhl et al., 2014; Gautam et al., 2017).
As a matter of fact, Lu and Naoz (2018) explore the dynamics of SN kicks in triple
systems, the third body possibly being a SMBH; they touch upon the possibility of
producing LISA sources via SN explosions occurring in stellar binaries, but a more
focussed study would be needed to address this aspect in detail.
A second source of uncertainty is the fact that the SN kick velocity distribution
remains largely debated, especially for BHs (e.g. Beniamini and Piran 2016 and
(3) It is worth stressing that objects that get unbound from the SMBH may remain bound to the
galactic potential and get back to the SMBH at later times, even if we did not account for
this possibility in the present study. However, we expect these objects will no longer be able
to undergo an EMRI; rather, they might experience a direct plunge.
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Fig. 3.5. Fraction of stars undergoing SN that lead to the generation of EMRIs, as a function
of the initial semimajor axis of the progenitor star, ai. In (a), each point assumes a Dirac
delta distribution with the same height for each ai (i.e., no physically motivated density
distribution for the progenitor stars is considered); different curves in (a) show different
values for the initial eccentricity: ei is either fixed at 0, 0.7, 0.9, 0.98 (dotted lines), or a
TE (green stars) and a GE distribution (blue circles) is considered. Panel (b) shows the
probability for a SN occurring within ai, ai + dai to result in a SN-EMRI, assuming the
semimajor axes and eccentricity distributions in Tab. 3.2. We stress that the curves for the
S-stars and CW disc assume larger values as these structures are far less extended than the
other structures investigated, thus a larger fraction of progenitor stars is allowed within
each dai. Here we assumed the fast kick prescriptions and the H background population; if
the slow kick prescription and/or the L background population is considered, the displayed
curves behave similarly.
references therein). Reassuringly, we found that the two different BH kick pre-
scriptions explored in this study typically lead to the same order of magnitude of
SN-EMRIs.
Finally, our model cannot account for secular processes; among them, Kozai-Lidov
resonances (Kozai, 1962; Lidov, 1962) induced by the CW disc may produce oscil-
lations in the eccentricity and inclination of a candidate SN-EMRI, and potentially
affect its inspiral. However, the Kozai-Lidov timescale (see e.g. fig. 23 in Mapelli
and Gualandris 2016) becomes shorter than the typical time over which a SN-EMRI
is expected to complete its inspiral (1 Myr) only at a ≈ 1 pc, where only direct
plunges can occur, as shown in Fig. 3.3. Resonant relaxation, in principle, could
also affect the inspiral of a CO, but this effect is expected to be more relevant than
the addressed NRR only above the Schwarzschild barrier (Alexander, 2017); thus
we do not expect our results to be significantly influenced by resonant relaxation.
3.2 Results
3.2.1 EMRI rates as a function of the initial conditions
The fraction of SN explosions resulting in SN-EMRIs as a function of the progenitor
star semimajor axis is shown in Fig. 3.5a. Each point in the plot assumes a Dirac
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Fig. 3.6. (Caption on the following page.)
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Fig. 3.6. The plots show how stars and COs dispose in the (1− e, a) plane, for each of the
initial young stellar structures considered, assuming fast BH kicks. The displayed lines are
the same as presented in Fig. 3.3. The dark-green isocontours indicate how the population
of progenitor stars was distributed initially, while the dark-green horizontal lines indicate
their minimum and maximum allowed semimajor axes. The left-hand scatter plots shows
the initial position of those progenitor stars which end up as SN-EMRI (assuming the
H population to dominate NRR); the right-hand scatter plots display the position of the
post-kick population, only displaying COs for which tGW < 14 Gy.
delta distribution for ai, and ei; we further explored the TE and GE distributions
for each of the fixed ai values. By looking at the plot, we can distinguish three
important regimes.
1. At the smallest considered scales (ai ∼ 10−3 pc), only parent stars with high
initial eccentricity (ei & 0.9) induce a substantial fraction of SN-EMRIs (∼
0.001 to ∼ 0.1); progenitor stars with lower orbital eccentricities (ei . 0.7),
instead, trigger a negligible amount of GW events. In fact, the typical stellar
orbital velocities about the SMBH at these small separations are extremely
high (& 1500 km s−1) compared to the average kick velocity (vk ≈ 400 km
s−1 in the ‘fast’ BH kick scenario assumed in Fig. 3.5a). As a result, SN-
EMRIs can be induced at such short separations from the SMBH only if a
very small perturbation to the progenitor orbit suffices to funnel the CO in
the ‘EMRI’ area of phase space: progenitors inducing SN-EMRIs at ai ∼ 10−3
pc are thus either already inhabiting, or very close to the ‘EMRI’ area; lower
eccentricity parent stars, instead, would require much larger kicks to induce
the GW events.
2. At intermediate scales (10−2 . ai/pc . 10−1), SN kicks occurring in the GC
have about the same speed of stars orbiting the SMBH. It follows that SN
kicks in this region have the best chance to significantly perturb primitive
stellar orbits without unbinding a large fraction of COs. The plot shows
that a non-negligible amount of SN-EMRIs can be produced regardless of the
assumed initial eccentricity, even in the ei = 0 case.
3. At the largest investigated scales (ai & 0.1 pc) the average velocity kick
imparted to a CO exceeds the typical velocity required to unbind it from
the SMBH (Fig. 3.4). For this reason, most COs at ai > 0.1 pc get unbound
from the SMBH and cannot undergo EMRIs, while the relative fraction of SN-
EMRIs starts steadily decreasing with increasing distance from the SMBH,
regardless of the assumed initial eccentricity.
Owing to the fact that the GE distribution peaks at ei = 0.3 and has a negligible
amount of stars with ei > 0.9, the behaviour of the curve assuming a GE function in
Fig. 3.5a is similar to those referring to the low, fixed eccentricity cases bracketing
it.
The behaviour of the curve assuming TE is less obvious: although the mean value
of the TE distribution is ≈ 0.7, the associated curve shows a significantly larger
fraction of SN-EMRIs at ai < 10−2 pc, compared to the curve assuming ei = 0.7.
In fact, in the TE case, 19% (2%) of objects attain ei > 0.9 (0.99). If ai ∼ 10−3 pc,
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such stars are already very close or inside the ‘EMRI’ region of phase space prior
to the SN explosion, thus they have better chances of triggering EMRIs.
Fig. 3.5a does not give a realistic physical estimate of the fraction of SNe resulting in
EMRIs at different radii, as no physically motivated distribution is assumed for the
semimajor axes of the progenitor stars. Fig. 3.5b, instead, shows the probability for
a star whose initial semimajor axis lies in the range (ai, ai + dai) to become a SN-
EMRI, assuming the progenitor stars semimajor axis and eccentricity distributions
presented in Tab. 3.2. In general, more concentrated stellar distributions favour
the generation of EMRIs close to the SMBH, as more objects are available at the
smallest scales explored, where SNe hardly unbind newborn COs from the SMBH
and progenitors are generally already close to the ‘EMRI’ phase space area, thus
they only need a small orbital perturbation to enter it. Fig. 3.5b further shows that,
assuming the same ai distribution, TE cases induce the genesis of a significantly
larger amount of EMRIs following a SN, compared to GE cases. The reason for this
has to be sought in the low fraction of progenitor stars that are initially placed near
the low-angular momentum, EMRI region of phase space in the GE assumption
(as shown by the isocontours in Fig. 3.6).
3.2.2 EMRI and plunge statistics
The panels in Fig. 3.6 show how COs distribute in the phase space prior and after
the SN-kick, while the total fractions of SN kicks resulting in the generation of
EMRIs for each of the assumed populations are listed in Tab. 3.3. In general, the
fraction of SN explosions that produce EMRIs lies in the range 10−7 − 4× 10−4.
The S-cluster represents by far the most efficient structure for the production of
SN-EMRIs among the investigated ones (∼ 4× 10−4), owing to its small separation
from the SMBH (ai < 0.04) and to its TE distribution. In the CW disc, roughly
one order of magnitude less SNe trigger EMRIs; this is mostly due to its larger
separation from the SMBH and to the low orbital eccentricities of progenitor stars
in the disc. However, the CW disc most probably hosts many more stars compared
to the S-cluster, thus SN-EMRIs could still be more frequently triggered in the CW
disc.
As expected, the concentrated profile (CP) is much more efficient in generating
SN-EMRIs compared to the shallow one (SP), as many more objects are available
at ai < 0.1 pc; finally, the TE cases result in at least an order of magnitude greater
fraction of SN-EMRIs compared to the TE cases.
A larger amount of SN-EMRIs are induced in the fast BH kick assumption com-
pared to the fast kick case. Such larger kicks obviously have a more significant
impact on the initial orbit: even if they unbind roughly two times more COs, they
still manage to trigger more SN-EMRIs, as the GW events are mainly generated at
small scales, where COs hardly get unbound. In any case, both the fast and slow
kick assumptions lead to the same order of magnitude for the relative fraction of
SN-EMRIs.
Different assumed background populations producing NRR also influence (even if
only marginally) the relative fraction of SNe triggering EMRIs: a larger fraction of
SN-EMRIs are generated in the GE cases if the H population is assumed; conversely,
the L background population warrants a larger production of SN-EMRIs in the TE
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Tab. 3.3. Statistics of SN-EMRIs, direct plunges, unbound objects, tidal disruption events and premature GW-inspirals for each of the different young
stellar populations assumed to inhabit the GC
Population EMRIs, H EMRIs, L direct plunges unbound TDE pre-GW
CWD 1.4× 10−5 (6.8× 10−6) 8.1× 10−6 (4.1× 10−6) 9.9× 10−6 (4.9× 10−6) 0.396 (0.199) < 10−10 < 10−10
SCL 3.2× 10−4 (2.7× 10−4) 4.2× 10−4 (3.7× 10−4) 9.8× 10−5 (9.0× 10−5) 0.118 (0.059) 4.6× 10−4 2.8× 10−4
CP-G 2.4× 10−6 (1.2× 10−6) 1.5× 10−6 (7.3× 10−7) 2.2× 10−6 (1.2× 10−6) 0.750 (0.408) < 10−10 < 10−10
CP-T 3.7× 10−5 (2.9× 10−5) 6.4× 10−5 (5.6× 10−5) 1.0× 10−5 (1.0× 10−5) 0.760 (0.411) 6.2× 10−5 3.2× 10−5
SP-G 6.6× 10−7 (3.4× 10−7) 2.8× 10−7 (1.4× 10−7) 1.0× 10−6 (6.4× 10−7) 0.836 (0.462) < 10−10 < 10−10
SP-T 2.2× 10−6 (2.1× 10−6) 2.2× 10−6 (1.9× 10−6) 1.6× 10−6 (3.2× 10−6) 0.847 (0.464) 2.1× 10−5 3.2× 10−6
First column: different young stellar populations assumed to inhabit the GC (Tab. 3.2); second (third) column: fraction of SN kicks resulting in the generation of
EMRIs, assuming the H (L) population to dominate NRR effects; fourth column: fraction of SN events resulting in a direct plunge; fifth column: fraction of SN
explosions unbinding the newborn CO from the SMBH; sixth column: fraction of stars undergoing a tidal disruption event prior to the SN explosion; last column:
fraction of objects (excluding those reported in the previous column) for which the progenitor stars tGW is shorter than the time they need to undergo SN: most
probably, these objects will undergo a tidal disruption resulting from their GW-induced decay prior to the SN explosion. Non-bracketed numbers refer to the
statistics obtained assuming ‘fast’ BH kicks, while numbers in parenthesis assume the ‘slow’ BH kicks; the statistics in the last two columns is not affected by the
magnitude of the kick.
Tab. 3.4. Fraction of objects in the EMRI region prior to the SN
Structure Already in ‘EMRI’ region of ph. space SN-EMRIs from ‘EMRI’ COs staying in ‘EMRI’H L H L H L
SCL 1× 10−5 (1× 10−5) 1× 10−4 (1× 10−4) 1% (1%) 8% (15%) 24% (28%) 29% (47%)
CP-T 4× 10−6 (4× 10−6) 3× 10−5 (3× 10−5) 3% (4%) 20% (35%) 29% (31%) 37% (55%)
SP-T 6× 10−8 (6× 10−8) 6× 10−7 (6× 10−7) 1% (1%) 8% (14%) 24% (30%) 31% (48%)
First column: young stellar populations assumed to inhabit the GC; second and third column: fraction of the total SN progenitors already inhabiting the ‘EMRI’
region of phase space prior to the SN explosion; fourth and fifth column: fraction of SN-EMRIs from stars already in the ‘EMRI’ phase space region prior to the
SN, relative to the total amount of objects undergoing SN-EMRIs; second-to-last and last column: fraction of objects among those inhabiting the ‘EMRI’ region
prior to the SN that keep sitting in the same region after the kick, thus undergo a SN-EMRI. The ‘H’ and ‘L’ indicate that we assumed respectively the H or L
background population to dominate NRR effects. Non-bracketed numbers refer to the statistics obtained assuming ‘fast’ BH kicks, while numbers in parenthesis
assume the ‘slow’ BH kicks. The statistics is obtained by performing 109 Monte-Carlo experiments for each population; we do not show the GE cases as their
fraction of stars in the EMRI region prior to the SN is <10−10 of the total.
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assumption. This fact can be explained as follows: the EMRI area in the (1− e, a)
plane is more extended to the right if a < 10−2 (> 10−2) pc and the L (H)
background population is assumed; Fig. 3.6 (right) shows that the bulk of COs
ending up in the EMRI area have their final semimajor axes larger than 10−2 pc
in the GE cases, while the bulk of SN-EMRIs are produced at scales smaller than
10−2 pc in the TE assumption.
Tab. 3.3 further illustrates that some SN kicks induce direct plunges. The reported
fraction of direct plunges with respect to the total number of SNe range from
∼ 10−6 to ∼ 10−4. This fraction is typically of the order of the fraction of SN-
induced EMRIs for each of the investigated populations.
3.2.3 Lost progenitor stars
Finally, Tab. 3.3 reports the statistics of progenitor stars that are ‘lost’ prior to
undergo a SN because they get disrupted by the SMBH tidal field. In particular,
we distinguish between progenitors undergoing a ‘standard’ tidal disruption event
solely due to the fact that their initial pericentre is too close to the SMBH, and those
that decay onto the SMBH via GW emission (thus being again tidally disrupted)
prior to experience a SN. No progenitor is lost in the GE cases, as the parent stars
attain quite large pericentre distances prior to the SN; in the TE cases, instead, the
fraction of objects experiencing a standard tidal disruption is 1− 10 times the listed
fraction of SN-EMRIs. Progenitors inspiralling onto the SMBH via GW radiation
prior to the SN are typically half to one tenth of those undergoing the standard
tidal disruption.
3.2.4 Progenitors in the ‘EMRI’ region
The left-hand panels in Fig. 3.6 witnesses that a small amount of SN-EMRIs have
been generated by progenitors already inhabiting the ‘EMRI’ region prior to the
SN event. In fact, only the TE cases allow a fraction of SNe to occur in the ‘EMRI’
area of the phase space. Tab. 3.4 shows that ∼ 10−7− 10−5 (∼ 10−6− 10−4) of the
progenitors are initially in the EMRI region if the H (L) background population
is assumed. The SN-EMRIs resulting from this sub-sample of progenitors are ∼
10− 30% if we assume the L background population, while their amount is only a
few per cent in the H case.
Furthermore, ≈ 25% to 60% of progenitors initially in the EMRI area keep staying
there after the SN explosion. This means that stars that form on an EMRI trajec-
tory have a significant probability of undergoing an EMRI even if they experience
a SN kick, and this is true even with the fast BH kick prescriptions.
3.2.5 SN-EMRI mass function
The assumed top-heavy mass function produces a roughly even amount of NSs and
BHs (0.497 and 0.503, respectively), while the fraction of COs exceeding 10 M
is 0.29; here we compare this underlying CO mass function to the SN-EMRI one.
If the fast BH kick prescriptions are adopted, the mass function of SN-EMRIs is
largely consistent with the primitive one, as shown in Fig. 3.7 for the CW disc
and S-cluster case; this remains valid for all the assumed populations of progenitor
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Fig. 3.7. Distribution of the CO masses. The thick violet line shows the underlying distri-
bution obtained from the initial top-heavy mass function; the black and cyan histograms
respectively show the mass distribution of SN-EMRIs undergoing a fast or slow BH kick.
We show the CW-disc case (left) and the S-stars case (right). All the shown distributions
are normalized to unity; the vertical dash-dotted line delimits what we define to be NSs
(< 3M) and BHs (≥ 3M).
stars, and results from the fact that the aNRR separatrix (Eq. 3.7) does not depend
on the CO mass.
In contrast, if the slow BH kick prescriptions are assumed, SN-kicks are far less
efficient in scattering the heaviest COs in phase space. As a consequence, the
relative fraction of BHs (especially the most massive ones) undergoing SN-EMRIs
decreases, but the drop is very large only in the GE cases. In the TE assumption,
the fraction of NSs undergoing SN-EMRIs is ≈ 0.6 of the total population of SN-
EMRIs, while the BH fraction is the remaining ≈ 0.4; the fraction of SN-EMRIs
whose mass is in excess of 10M in the TE cases is ≈ 0.2. In GE cases, only the
∼ 0.001 to ∼ 0.01 of SN-EMRIs are BHs, and less than 10−4 of them has a mass in
excess of 10M. This aspect can be appreciated by comparing the SN-EMRI mass
function in Fig. 3.7.
3.2.6 Inspiralling timescales
Figure 3.8 shows the distribution of timescales spanning from the SN explosion
to the final merger into the SMBH, accounting solely for the COs undergoing a
SN-EMRI. This figure suggests that most objects complete their inspiral in 105−7
yr; the inspiralling timescale distributions exhibit a different shape depending on
the choice of initial conditions.
In the TE cases, the histograms show a similar trend regardless of the BH kick
prescriptions, and the distribution varies mainly depending on the population in-
ducing NRR. If the H population is assumed, the distribution is narrower and peaks
at 105 − 106 yr; if the L population is assumed, instead, the distribution is much
broader, and typically extends up to larger values (even touching 109 yr).
In the GE assumption, the histograms are rather narrow, peak at 105 − 106 yr in
all explored scenarios and may extend down to ∼ 104 yr. The fast BH prescrip-
tions induce a slightly shorter infall timescale (∼ 105 yr), while there is no clear
dependence on the chosen background stellar population.
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Fig. 3.8. Distribution of the time periods intercurring from the SN explosion to the final
CO coalescence (computed via Eq. 3.3), for the COs undergoing a SN-EMRI. Each panel
assumes a different young population of progenitor stars; within each panel, the black
and grey (cyan and orange) histograms assume the H (L) background population and,
respectively, the fast and slow BH kick prescriptions.
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Fig. 3.9. The plots show the initial versus the final energy and angular momentum magni-
tude of the objects considered in our study. Scatter plots refer to the sole objects undergoing
SN-EMRI (in the fast BH kick and H background assumption), while the contours show the
distribution of all objects that remain bound after the kick. The left-hand plots display the
initial versus the final angular momentum magnitude divided by
√
GM for the CP-G (top)
and CP-T (bottom) case. The right hand plots show the initial versus the final inverse
semimajor axis, which is a proxy for the binding orbital energy, again for the CP-G (top)
and CP-T (bottom) case.
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Fig. 3.10. Angle between the initial velocity at the SN and the SN velocity kick (θvv), as a
function of the initial semimajor axis, for the objects undergoing a SN-EMRI. We show the
compact profile with the GE (TE) distribution in the left-hand (right-hand) plot, assuming
the fast BH kicks and the H background. In both panels, the cyan solid line shows the
mean value of θvv as a function of ai, while the cyan dashed lines show the mean ± one
standard deviation. The horizontal black solid line at 90◦. shows the mean θvv we would
expect if it were isotropically distributed, while the dashed lines show the mean value ±
one standard deviation.
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3.2.7 Energy and angular momentum conservation
The panels in Fig. 3.9 show the initial versus the final specific binding energy and
specfic angular momentum magnitude for the COs undergoing a SN-EMRI and
the global population of COs that remain bound to the SMBH. We only display
the CP-G and CP-T profiles; we verified that the former is representative of all
explored GE cases, and the latter of all TE ones.
On average, the whole collection of COs that keep orbiting the SMBH tend to
maintain the same specific binding energy after the kick. The specific binding
energy of COs undergoing SN-EMRIs is roughly conserved after the kick in the
TE cases, while it is slightly enhanced in the GE cases (i.e., in the latter, objects
typically need to get more bound to the SMBH to achieve a SN-EMRI).
The overall distribution in angular momentum magnitude of all objects bound to
the SMBH remains the same, on average, after the kick. On the other hand, the
plot indicates that SN-kicks triggering successful SN-EMRIs are typically those that
manage to significantly reduce the angular momentum magnitude of the newborn
stellar remnant, as EMRIs require very low eccentricities to be produced at the
scales investigated.
Figure 3.10 shows the angle between the original Keplerian velocity of the progen-
itor and the SN velocity kick distribution, as a function of the initial semimajor
axis of the progenitor. We only show COs that undergo a SN-EMRI. The plots
testify that SN explosions efficiently trigger EMRIs if the angle between the kick
and the initial velocity almost cancel out, so that the final object finds itself onto
a very low angular momentum orbit.
3.3 Summary and discussion
We used a Monte-Carlo method to address the possibility that BH and NS natal
kicks could trigger EMRI signals in the GC. We showed that 10−7 to 10−4 of SN
events occurring in a GC-like environment are expected to induce the production
of EMRIs. Below we summarize and discuss our key results.
• EMRIs are produced much more efficiently if the stellar orbits have large
eccentricity values, e.g. if their eccentricities distribute thermally. However,
even assuming initial orbital eccentricities . 0.4 results in the generation of
10−7 − 10−5 EMRIs per SN. The majority of EMRIs are induced by SNe
occurring at original semimajor axes shorter than 0.1 pc, and typically of the
order of 10−2 − 10−3 pc.
• Our investigation shows that S-stars are located in an optimal region of phase
space for triggering SN-EMRIs, as 3− 4× 10−4 of SNe occurring in this region
lead to their production. SN kicks occurring in the CW disc have lower, but
still significant, chances of generating SN-EMRIs, as one in roughly 105 SNe
is expected to induce these events; since many more stars are present in the
CW disc, this region could anyway produce a higher rate of SN-EMRIs.
• SN kicks induce roughly the same order of magnitude of EMRIs and direct
plunges. If the central SMBH has a large spin parameter, though, a fraction
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of events classified as direct plunges in this study could be real EMRIs in
disguise, as the SMBH ISCO moves closer to a rapidly spinning SMBH if the
CO inspirals on a prograde orbit (Amaro-Seoane et al., 2013).
• Even if the bulk of SN-EMRIs is scattered in the EMRI area of phase space
from the outside, a few progenitors inhabit that region from the beginning
(10−4− 10−7 depending on the initial distribution of ai and ei). This popula-
tion of progenitors has a consistent chance of remaining in the EMRI region
of phase space even after the kick (30− 50%). This fact is relevant as non-
traditional EMRI production mechanisms include (i) the in-situ formation of
COs within the SMBH accretion disk (Levin, 2003), and (ii) the capture by
the disc of massive stars (later turning into COs) on orbits that cross it (e.g.
Syer et al., 1991; Rauch, 1995; Panamarev et al., 2018). Our study suggests
that such objects have a significant chance to remain on a EMRI orbit even
after receiving a quite large natal kick.
• In general, the derived distributions of tGW (the timescale spanning from the
SN kick to the final plunge onto the SMBH ISCO) clearly suggests that most
SN-EMRIs complete their inspiral in 105−6 yr. This aspect is remarkable as
the aforementioned timescales roughly correspond to the age of the observed
young population at the GC (Lu et al., 2013; Habibi et al., 2017) and are
also of the same order of magnitude as the time intercurring from the birth
of a massive star and its SN explosion. It follows that the most massive
progenitors born in the most recent star formation episode at the GC may
have undergone their SN a few Myr ago, and they might be on their route to
undergo a SN-EMRI.
• The distribution of tGW further suggests that, in galactic nuclei similar to
the Milky Way, SN-EMRIs could be detected in coincidence with a still un-
dergoing star formation episode close to the SMBH. On the other hand, SN
remnants hardly survive over timescales longer than 104 yr in Milky Way like
nuclei (e.g Rimoldi et al., 2015). Given that very few SN-EMRIs are expected
to complete their inspiral within such time period (see Fig. 3.8) we suggest
that it would be very unlikely to detect a SN-EMRI and to also identify the
remnant of the SN that induced it.
• The mass distribution of COs is almost indistinguishable from the underlying
CO mass function in the hypothesis that BHs and NSs receive the same kick
velocity at their birth. If, instead, we assume BH kicks to be normalized to
BH masses, the SN-EMRI mass function would privilege NSs and low-mass
BHs. In particular, in the assumption of normalized kicks and a TE distri-
bution, objects undergoing SN-EMRIs would be NSs in the & 99% of cases,
and BHs only in the . 1% of cases (while the underlying CO mass functions
counts roughly the same number of NSs and BHs). If we assume a TE dis-
tribution and the normalized kicks, instead, SN-EMRIs would be NSs in the
60% of cases and BHs in the remaining 40%. The aforementioned results
are interesting as multiple detections of SN-EMRIs could help to pinpoint
the initial eccentricity distribution of progenitor stars and/or the BH kick
velocity distribution.
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So far, we solely presented the fraction of SNe that will result in a SN-EMRI. This
number could be translated in a rate of SN-EMRIs per Milky Way galaxy per year.
The easiest approach is to directly use the rate at which SNe occur in the GC.
Such rate has been suggested to be of the order of 10−4 yr−1 both from theoretical
arguments (Zubovas et al., 2013; Rimoldi et al., 2015) and from the observation of
a ∼ 104 yr old SN remnant spotted within the SMBH sphere of influence (Maeda
et al., 2002).
A similar rate can also be derived in a more pedagogic manner, exploiting the
star formation rate in the GC. Since the CW-disc seem to hosts a few×104M
and it is ∼ 4 − 8 Myr old (Lu et al., 2013), the associated star formation rate
is 10−3 − 10−2M yr−1; in fact, the accurate investigation by Pfuhl et al. (2011)
suggests a comparable rate of stellar formation in the innermost parsec. Let us
now assume that stars form with a top-heavy mass function with slope α = 1.7
(Lu et al., 2013) between 0.1 and 100M, and that the rate of SN explosions
coincides with the rate of formation of stars with mass in excess of 9M; under
these assumptions, the SN explosion rate could be obtained by multiplying the
star formation rate above by 0.02. That is, SN explosions would occur at a rate of
10−4 to a few ×10−5 yr−1, consistent with the estimate presented in the previous
paragraph.
Consequently, the rates of SN-EMRIs per GC can be obtained by multiplying the
EMRI fractions in Tab. 3.3 to ∼ 10−4 yr−1, yielding values up to a few ×10−8
yr−1 per Milky Way. The rate of EMRIs per Milky Way induced by standard NRR
processes is still not well constrained, but a typically adopted value is a few×10−7
yr−1 (assuming a non-spinning SMBH and strong mass segregation, Amaro-Seoane
and Preto, 2011). Thus SN-EMRIs would constitute up to 10% of traditional NRR
induced EMRIs.
We are currently working at generalizing our findings to a broader set of SMBH
masses and host environments adopting an analytical approach, and this will be
the subject of a forthcoming paper. In addition, it would be worth addressing
the cosmological rate at which SN-EMRIs enter the LISA band every year, and to
explore whether SN-EMRI signals detected by LISA can be disentangled from the
EMRIs induced by other mechanisms, as NRR.
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SMBH binaries (BHBs) are expected to form in large numbers as a result of
repeated galaxy mergers across the cosmic epochs (White, 1978). While BHBs
early, dynamical-friction induced inspiral generally occurs in a short timescale (cf.
Eq. 1.13), the subsequent shrinking due to three-body stellar scatterings has been
recently put under scrutiny by both theoretical and numerical arguments (Begel-
man et al., 1980; Milosavljević and Merritt, 2001, 2003a). In fact, it has been
argued that BHBs may stall at a parsec scale and never enter the GW emission
stage if stars are not continually supplied to the BHB loss cone, i.e. the low-angular
momentum region of phase space harbouring stars that can reach the binary. This
is the well-known final parsec problem (Milosavljević and Merritt, 2003b).
In the present chapter, we adopt direct summation N -body simulations to test
whether the infall of a stellar cluster (SC) onto the BHB may significantly replenish
its loss cone, and shorten the journey to its GW-emission driven coalescence. Such
investigation is motivated by the following arguments: SCs that form in proximity
of a galactic nucleus are expected to rapidly sink to the central parsec by dynamical
friction (Gerhard, 2001; McMillan and Portegies Zwart, 2003; Portegies Zwart et al.,
2003; Kim and Morris, 2003; Kim et al., 2004; Gürkan and Rasio, 2005; Fujii et al.,
2008). In fact, SC disruption has been proposed as one of the most promising
mechanisms to form nuclear SCs (Capuzzo-Dolcetta, 1993; Capuzzo-Dolcetta and
Miocchi, 2008; Arca-Sedda et al., 2015, 2016), including that of the Milky Way
(Antonini et al., 2012). Plus, several young massive SCs (such as the Arches and
the Quintuplet) lie in the nucleus of the Milky Way, which is a relatively quiescent
galaxy (see Portegies Zwart et al. 2010 for a recent review). Young massive SCs
are even more common at the centre of galaxy mergers, which are known to trigger
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Tab. 4.1. Main features of the runs.
Run Galactic Potential Ang. Mom. Orbit
run 1 No No Perpendicular
run 2 No No Coplanar
run 3 No Yes Coplanar
run 1p Yes No Perpendicular
run 2p Yes No Coplanar
run 3p Yes Yes Coplanar
For each run (Column 1) we report whether an underlying galactic potential is included
(Column 2), if the initial orbit has some angular momentum (Column 3) and whether the orbit
is coplanar or perpendicular with respect to the BHB orbital plane (Column 3).
bursts of star formation (see e.g. Sanders et al. 1988). Since galaxy mergers are
suspected to lead to the formation of both BHBs and young SCs, the dynamical-
friction induced infall of a young SC onto a parsec-scale BHB should be a rather
likely event.
4.1 Methods
In this chapter we performed direct N -body simulations of the infall of a SC onto
a parsec-scale BHB. To run the simulations we use the direct summation N -body
code HiGPUs (Capuzzo-Dolcetta et al., 2013). HiGPUs implements a Hermite
sixth order integration algorithm (Nitadori and Makino, 2008) with block time
steps (Aarseth, 2003) and has been designed to run natively on Graphics Processing
Units.
To model the SC, we adopt a spherical King model (King, 1966), with central
dimensionless potential W0 = 5 and King’s core radius rk = 0.4 pc. The SC is
composed of N = 131070 stars with masses distributed according to a Kroupa
(2001) initial mass function, with mass range between 0.1M and 100M. The
initial total mass of the SC is MSC ≈ 8× 104M. Stellar evolution is not included
in the simulations.
Two SMBHs are placed in circular orbit in the x− z plane with their centre of mass
at the origin of the reference frame and with angular momentum in the positive
y direction. The initial distance between the SMBHs is 1 pc and each SMBH has
mass 106 M. The softening parameter of the simulation is set to ε = 10−4 pc,
which is several orders of magnitude smaller than the minimum distance reached
by the SMBHs.
In this work we explored three different orbits for the cluster infall. For each of
them we perform two runs: with and without including the underlying galactic
potential. Namely, the potential of the host galaxy is included in runs 1p, 2p and
3p, while it is absent in runs 1, 2 and 3. When present, the galactic potential is
described as a rigid potential, represented by a Dehnen’s density profile (Dehnen,
1993):
ρ(r) =
(3− γ)Mg
4pi
r0
rγ(r+ r0)4−γ
, (4.1)
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Fig. 4.1. Time evolution of the stellar surface density projected on the x− z plane – i.e.
the BHB orbital plane – for runs 1, 2, 3 (top three rows), and runs 1p, 2p, 3p (bottom
three rows). The blue central dots mark the position of the two SMBHs. The colour code
refers to the smoothed projected mass density of stars, and the colour scaling is the same
for all panels.
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Fig. 4.2. Same as Fig. 4.1, but the stellar surface density is projected on the x− y plane.
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with total mass Mg = 5× 1010M, scale radius r0 = 250 pc and inner density
slope γ = 0.5.
In runs 1, 1p, 2, and 2p the SC is initially in free fall, i.e. on a radial orbit. In runs
1 and 1p (runs 2 and 2p), the orbital plane of the SC is perpendicular (coplanar)
with respect to the BHB orbital plane. Finally, in runs 3 and 3p, the SC is placed
at the apoapsis of an eccentric orbit (e = 0.75, defined through the periapsis and
apoapsis distance in run 3p) with angular momentum along the y axis, but with
opposite sign with respect to the BHB angular momentum; this maximises the
relative velocity between the SC and the BHB. The centre of mass of the SC is
initially located in y = 20 pc (runs 1 and 1p) and x = 20 pc (runs 2, 2p, 3 and
3p). Runs 1 and 2 (runs 1p and 2p) are evolved for 5 Myr (10 Myr), while runs
with angular momentum (3, 3p) are evolved for 20 Myr. Table 4.1 is a summary
of the initial conditions of the six runs.
During the simulation, the centre of mass of the BHB is anchored to its initial
position. To ensure this, we modified HiGPUs so that, after each time step, the
binary centre of mass is re-centered at the origin of the reference frame and its
velocity is set to zero. The BHB recentering minimizes the binary wandering, which
otherwise would be too high in runs without the underlying galactic potential (see
Bortolas et al., 2016). For consistency, we anchored the BHB centre of mass even
in the runs including the galactic potential. We checked that this choice does
not affect the results of our simulations by re-running run 2p without the BHB
anchorage. We find no appreciable differences in the evolution of the BHB and of
the disrupted SC.
4.2 Results
Figures 4.1 and 4.2 show the time evolution of the simulations in the x− z plane
(i.e. the BHB orbital plane) and in the x − y plane, respectively. From these
Figures, it is apparent that the evolution of the system strongly depends on the
initial angular momentum of the SC and on the presence of the Dehnen potential.
4.2.1 The evolution of the BHB without Dehnen potential
In this section, we discuss the evolution of the BHB in runs 1, 2 and 3, in which
we do not include a rigid Dehnen potential.
In both run 1 and 2, the SC starts interacting with the BHB at time t ∼ 1 Myr.
During the interaction, stars belonging to the SC undergo three-body interactions
with the BHB. Figure 4.3 shows the evolution of the BHB orbital separation as a
function of time. The orbital separation changes very fast during the first interac-
tion with the SC, at t ∼ 1− 1.1 Myr. Afterwards, the BHB keeps shrinking with a
much shallower asymptotic trend, and the change in the semi-major axis a between
3.5 and 5 Myr is only da/dt ∼ − 0.0025 pc Myr−1 in both runs. We also note that
the BHB keeps orbiting in the initial orbital plane.
When the interaction is almost over (in less than 5 Myr), the BHB separation
shrinks by ∼ 10 and by ∼ 12 per cent in run 1 and run 2, respectively. This implies
that the SC infall effectively replenished the loss cone of the BHB. As expected,
the shrinking effect is more important in run 2, where the orbit of the SC and
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Fig. 4.3. Evolution of BHB separation and semi-major axis as a function of time for the
runs without Dehnen potential. Red dotted thick line (orange solid thin line): semi-major
axis (separation) in run 1. Dark blue solid thick line (sea-green solid thin line): semi-major
axis (separation) in run 2. Black dashed thick line (grey solid thin line): semi-major axis
(separation) in run 3.
Fig. 4.4. Evolution of the hardening rate (s, top panel) and of the eccentricity (e, bottom
panel) of the BHB as a function of time for the runs without Dehnen potential. In all
panels, red dotted line: run 1, blue solid line: run 2; black dashed line: run 3.
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Fig. 4.5. Fraction of stars inside the loss cone (i.e. obeying to the condition in Eq. (4.3)) as
a function of time. The plot shows the loss cone population in run 1 (thin red dotted line),
run 2 (blue thin solid line), run 3 (black thin dashed line), run 1p (orange thick dotted
line) and run 2p (sea-green thick solid line). Run 3p is not shown because the fraction of
loss cone stars in run 3p is always below 0.3 per cent.
that of the BHB are coplanar. The reason is that the average relative velocity
between the SMBHs and the stars is lower in run 2 than in run 1, maximizing the
energetic exchange during the interaction. However, the difference of the final BHB
semi-major axis between run 1 and 2 is only ∼ 20 per cent.
Similarly, Figure 4.4 shows the behaviour of the hardening rate s, defined as
s(t) =
d
dt
1
a
, (4.2)
where a is the semi-major axis of the binary. The hardening rate s(t) quantifies the
time variation of the BHB binding energy (the SMBH masses do not change with
time). s(t) is maximum (∼ 10−2 Myr−1 pc−1) during the first encounter between
the SC and the BHB, and then it rapidly drops to few× ∼ 10−5 Myr−1 pc−1. The
SC infall also produces a small but sudden jump in the BHB eccentricity: e rises
from 0 to ∼ 0.05 and to ∼ 0.03 after the first encounter with the SC in run 1 and
run 2, respectively.
Figures 4.3 and 4.4 also show the time evolution of the BHB in run 3 (with non-
zero orbital angular momentum). The SC starts interacting with the BHB at
t ∼ 1.2− 1.3 Myr, but the interaction is noticeably weaker with respect to runs 1
and 2. The BHB immediately shrinks of about the 0.4 per cent, while after 5 Myr
its semi-major axis is only 0.8 per cent smaller than its initial value; even after 20
Myr the BHB has shrunk by less than 1.5 per cent. In this run, the change in the
BHB eccentricity is also negligible.
The difference between runs 1, 2 and 3 is related to the number of SC stars that
are in the loss cone, defined as the region of the phase space harbouring stars with
angular momentum per unit mass L lower than the angular momentum per unit
mass of a circular binary with the same semimajor axis, i.e.
L < LLC =
√
2GMba, (4.3)
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Fig. 4.6. Fraction of stars bound or unbound to the BHB as a function of time for runs
without Dehnen potential. At the beginning of the simulation all stars are bound to the
BHB in run 1 (orange dotted line), run 2 (sea-green solid line) and run 3 (grey dashed line).
When the BHB-SC interaction takes place (t ∼ 1 Myr), the fraction of unbound stars (red
dotted line for run 1, blue solid line for run 2, black dashed line for run 3) rapidly increases,
because a lot of stars are ejected due to the slingshot mechanism.
where Mb is the total mass of the BHB. The number of stars inside the loss cone(1)
is shown in Figure 4.5.
In runs 1 and 2, about 27 per cent of the stars populate the loss cone at the
beginning of the simulation. During the first approach, the SC is progressively
stripped by the tidal forces of the BHB (see Figures 4.1 and 4.2). The tidal stripping
forces many other stars to move on more radial orbits (Hills, 1991; Perets et al.,
2009) and funnels them inside the loss cone: at the maximum approach between
the SC and the BHB, ∼ 75 per cent of the stars lie in the loss cone. The BHB
expels stars very efficiently, and the loss cone population gets gradually depleted
as the stars are scattered on highly energetic orbits: after 5 Myr, only ≈ 6 per cent
of the stars still inhabit the loss cone and they will likely become unbound in the
next few Myr.
The evolution of the loss cone population is totally different in run 3. The SC orbit
in run 3 has non-zero angular momentum, thus stars satisfying the condition given
in (4.3) are initially only ≈ 7 per cent; in fact, the average angular momentum
per unit mass of stars at the beginning of the simulation in run 3 is about twice
the same quantity in runs 1 and 2. In run 3, the fraction of stars in the loss
cone is almost constant for the first Myr, because the non-zero angular momentum
protects the cluster against the BHB-induced tidal stripping. When the SC reaches
the maximum approach with respect to the BHB, the slingshot interactions between
stars and BHB expel nearly all stars from the loss cone, which is almost completely
depleted.
Figure 4.6 shows the fraction of stars bound and unbound to the BHB as a function
(1) Stars with positive energy (escapers) are not part of the loss cone population even if their
angular momentum is generally very low, as they will never interact again with the BHB.
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Fig. 4.7. Evolution of BHB separation and semi-major axis as a function of time for runs
with the Dehnen potential. Red dotted thick line (orange solid thin line): semi-major axis
(separation) in run 1p. Dark blue solid thick line (sea-green solid thin line): semi-major
axis (separation) in run 2p. Black dashed thick line (grey solid thin line): semi-major axis
(separation) in run 3p.
of time for runs without the Dehnen potential. In runs 1 and 2, the fraction of
bound stars drops after the first interaction with the BHB. Only 10 per cent of
stars are bound to the BHB at the end of the simulation, regardless of the initial
inclination between the SC and the orbital plane of the BHB. This implies that
most stars in runs 1 and 2 receive a slingshot kick after the interaction with the
BHB, sufficiently strong to unbind them from the BHB.
In contrast, only ∼ 23 per cent of stars escape the BHB potential in run 3. Given
that the loss cone is almost empty after 5 Myr, stars still orbiting the BHB will
probably not undergo slingshot ejections, unless stellar torques generated by other
perturbers funnel such stars in the loss cone region.
We further stress that the large fraction of unbound stars in runs 1 and 2 is a
consequence of the absence of an underlying galactic potential in these runs.
4.2.2 The evolution of the BHB with a Dehnen potential
In this section, we discuss the evolution of the BHB in runs 1p, 2p and 3p, which
include a rigid Dehnen potential.
In runs 1p and 2p the first encounter between the SC and the BHB happens at
∼ 0.2 Myr (Figs. 4.1 and 4.2) and the velocity of the SC at maximum approach
is about twice that in runs 1 and 2, because of the Dehnen potential. Given the
higher orbital speed, the SC in runs 1p and 2p is not entirely captured by the BHB
during the first periapsis passage: the partially stripped remnant of the SC reaches
the apoapsis and then falls back again onto the BHB (while the SC is entirely
stripped and captured by the BHB at the first periapsis passage in runs 1 and 2).
The Dehnen potential keeps most stars bound to the system, so that they fall back
to the centre and interact with the BHB several times. In contrast, most stars
interact with the BHB only once and then are ejected from the system in the runs
without Dehnen potential.
94 4. Star cluster disruption by a supermassive black hole binary
Fig. 4.8. Evolution of the hardening rate (s, top panel) and of the eccentricity (e, bottom
panel) of the BHB as a function of time for runs with the Dehnen potential. In all panels,
red dotted line: run 1p, blue solid line: run 2p; grey dashed line: run 3p.
Figure 4.7 shows the evolution of the BHB semi-major axis as a function of time
for runs including the Dehnen potential. The final semi-major axis of the BHB
in runs 1p and 2p is similar to what we found for runs 1 and 2: after 10 Myr,
the BHB has shrunk by ≈ 13 per cent in run 1p and by ≈ 15 per cent in run
2p. As we already discussed for runs 1 and 2, the BHB shrinking is slightly more
efficient when the SC orbit is coplanar, because the relative velocity between the
SC members and the BHB is lower.
However, there are several significant differences with respect to runs 1 and 2. In
the first ∼ 2 Myr, the semi-major axis of the BHB does not shrink monotonically:
it seems to undergo damped oscillations between smaller and larger values in both
runs 1p and 2p (Figure 4.7). In run 2p the BHB semi-major axis even jumps to a
value of ∼ 1.05 pc after the first interaction(2).
This happens because, if the Dehnen potential is included, the BHB is a marginally
soft binary (i.e. its binding energy is comparable to the average kinetic energy of
an intruder, according to Heggie 1975) with respect to the SC as a single bullet. In
fact, the binding energy of the BHB (Eb = GM1M2/2 a ' 4.3× 1052 erg, where
M1 and M1 are the masses of the two SMBHs) is of the same order of magnitude
as the total kinetic energy of the SC (EK,SC ' 3.6× 1052) erg at the first periapsis
passage (EK,SC ≈ 0.8Eb for runs 1p and 2p). While a hard binary (i.e. with binding
energy much larger than the average kinetic energy of an intruder) tends to shrink
after a gravitational encounter, a marginally soft binary might either increase or
decrease its semi-major axis (Heggie, 1975).
At the first periapsis passage the SC is still sufficiently compact to interact with the
BHB as a single intruder, rather than a tidally disrupted system. Thus, initially
the BHB is rather soft with respect to the intruder and its semi-major axis tends
to oscillate between larger and smaller values. At later times (> 2 Myr), when the
SC is disrupted, the BHB interacts with single stars (rather than with the SC as a
(2) As a matter of fact, a small jump in the binary semi-major axis also appears at the beginning
of the SC-BHB interaction in run 2 (Fig. 4.3); however, the immediate disruption of the SC
by the binary hinders any further semi-major axis oscillation.
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whole). In this late stage, the BHB starts shrinking monotonically, because it is a
hard binary with respect to each single star it interacts with.
The second important difference with respect to runs 1 and 2 is the derivative of
the semi-major axis with time (da/dt). While in runs 1 and 2 the semi-major axis
stalls after the first encounter (because the loss cone gets depleted), in runs 1p and
2p the semi-major axis keeps shrinking during the entire simulation. This is due
to the fact that all stars in runs 1p and 2p remain bound to the system under the
effect of the global potential. Thus, they can interact with the BHB more than
once, when reaching the periapsis of their orbit.
This effect is also apparent from the hardening rate (Figure 4.8). The BHB hard-
ening rate oscillates as a consequence of the oscillations in the BHB semi-major
axis. The hardening rate between 3.5 and 5 Myr is s ≈ 0.019 (s ≈ 0.014) pc−1
Myr−1 in run 1p (run 2p), and even at later times (between 8.5 and 10 Myr) its
value is of the order of 10−2 pc−1 Myr−1. Thus the BHB hardening efficiency in
runs 1p and 2p is higher than in runs 1 and 2 at late times.
From Figure 4.8 it is also apparent that the eccentricity of the BHB increases
almost instantaneously to 0.06− 0.08 during the first interaction, while it does not
change significantly afterwards. This result is similar to what we find for runs 1
and 2.
The fraction of stars inside the BHB loss cone flc for runs 1p and 2p is shown in
Figure 4.5: at the beginning of the simulation, flc is the same as in runs 1 and
2 (≈ 27 per cent). The BHB-induced tidal stripping funnels about half of the
SC members into the loss cone during the first ≈ 0.2 Myr. The faster BHB-SC
interaction in runs 1p and 2p results in a smaller number of stars initially funnelled
in the loss cone; however, the depletion of the BHB loss cone is slower when the
Dehnen potential is included. This results from the fact that stars may undergo
repeated slingshot interactions before being definitely expelled from the loss cone.
Figures 4.7 and 4.8 also show the time evolution of the BHB in run 3p. Due to
the initial orbital angular momentum of the SC, the fraction of stars in the loss
cone is extremely low, and the binary shrinking is not effective. In particular, the
BHB semi-major axis has shrunk by ≈ 0.4% after 10 Myr, when its hardening rate
is only s ≈ 2.5× 10−4 pc−1 Myr−1, and even after 20 Myr it has shrunk only by
≈ 0.6%. Initially no stars inhabit the loss cone in run 3p; after 10 Myr (20 Myr)
only ≈ 0.16 (0.27) per cent of stars are found in the loss cone. Also, the BHB
eccentricity does not change significantly in run 3p (Figure 4.8). Thus, we can
conclude that the properties of the BHB in runs 3 (without Dehnen potential) and
3p (with Dehnen potential) are very similar.
4.2.3 Structure of the SC remnant
The interaction with the BHB leads to the complete disruption of the SC. What
is the final spatial distribution of stars around the BHB? Figures 4.1 and 4.2 show
the projected stellar surface density in the x− z and x− y plane, while Figure 4.9
shows the final radial density distribution of stars.
In runs 1 and 2, the disruptive interaction lowers the central density of the SC by
2− 3 orders of magnitude. Most of the SC mass is scattered out of the initial tidal
radius (rt = 10 pc) and the final density of the SC behaves as ρ(r) ∝ r−2. The
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Fig. 4.9. Radial density distribution of stars after 5 Myr (10 Myr) in runs 1, 2, 3 (1p, 2p,
3p). The final density profile is compared with the initial density distribution (light-blue
dash-dotted line). Thin dotted red line: run 1; thin solid blue line: run 2; thin dashed
black line: run 3; thick dotted orange line: run 1p; thick solid sea-green line: run 2p;
thick dashed grey line: run 3p. The initial density profile is computed with respect to the
cluster center of mass, while the other density profiles are computed with respect to the
BHB center of mass.
stars keep memory of their initial orbit, because stars still bound to the BHB after
5 Myr distribute on a prolate (triaxial) morphology in run 1 (run 2), whose longest
axis lies along the cluster infall direction.
In runs 1p and 2p the stellar distribution after 10 Myr is almost isotropic and
less influenced by the initial conditions. The density distribution is cored within
the BHB orbit, and decreases as ρ ∝ r−2 between 1 and 20 pc, while it rapidly
vanishes at larger distances. In fact, the density profile ρ ∝ r−2 resulting from
the four radial runs is approximately what we expect for a relaxed stellar system
around a point mass; Antonini et al. (2012) simulated the infall of several globular
clusters on a SMBH and obtained a similar trend for the density at large radii.
If the SC is initially on a non-zero angular momentum orbit, stars settle on a disc-
like structure (aligned with the initial SC orbit), whose external radius is R . 20
pc and whose thickness is . 0.1R. If the Dehnen potential is not included, the
SC remnant is strongly asymmetric, as the BHB potential is almost Keplerian and
most stars keep orbiting along the initial SC orbit. If the Dehnen cusp is present,
the additional potential induces a precession on the stellar orbits, which results in
a three-lobed overdensity within the disc (bottom-right panel of Figure 4.1). The
density profile of stars in runs 3 and 3p is also shown in Figure 4.9, but one should
keep in mind that the final stellar distribution in these two runs is far from being
spatially isotropic.
4.2.4 Distribution of the stellar orbital elements
We now focus on the orbital parameters of stars that remain bound to the BHB
and to the Dehnen potential (if present) by the end of the simulation. We stress
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Fig. 4.10. Distribution of semi-major axis a (left-hand panels), eccentricity e (central pan-
els) and inclination i (right-hand panels) of the stellar orbits (i is measured with respect
to the plane of the BHB) in run 1 (red, horizontally shaded histograms), run 2 (blue,
vertically shaded histograms) and run 3 (black empty histograms) at different simulation
times: the top row shows the initial distribution (t = 0), the central row shows the dis-
tribution at t = 1 Myr and the bottom row shows the distribution at t = 5Myr. Green
dashed line in the central panels: thermal eccentricity distribution f(e) de = 2e de (Jeans,
1919); green dashed line in the right-hand panels: isotropic distribution of inclinations
f(i) di = sin(i)/2 di.
that this study is limited by the fact that we cannot take in account any possible
dynamical interaction between SC stars and the pristine nuclear stellar population.
Figure 4.10 shows the orbital properties of stars bound to the BHB in runs 1,
2, and 3 (without Dehnen potential), while Figure 4.11 shows the properties of
stars bound to the BHB and the Dehnen potential for runs 1p, 2p, and 3p. The
stellar orbital properties are shown at different times: (i) at the beginning of the
integration, (ii) when the interaction between the SC and the BHB just started,
and (iii) after 5 Myr (10 Myr) in runs without (with) the Dehnen rigid potential.
In all runs, the distribution of star semi-major axis initially peaks around ∼ 10 pc,
which is the initial average semi-major axis of stars in the SC. After the interaction,
the distribution of semi-major axes becomes noticeably broader, especially in runs 1
and 2. Table 4.2 lists the fraction of non-escaping stars whose semi-major axis is
smaller than a given threshold value; if the initial orbit is radial, . 0.5 per cent of
stars have semi-major axis smaller than 1 pc: their final orbits are inside the semi-
major axis of the BHB and they may further interact with it. While this percentage
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Fig. 4.11. Distribution of semi-major axis a (left-hand panels), eccentricity e (central pan-
els) and inclination i (right-hand panels) of the stellar orbits (i is measured with respect
to the plane of the BHB) in run 1p (red, horizontally shaded histograms), run 2p (blue,
vertically shaded histograms) and run 3p (black empty histograms) at different simulation
times: the top row shows the initial distribution (t = 0), the central row shows the distri-
bution at t = 0.5 Myr and the bottom row shows the distribution at t = 10Myr. Green
dashed line in the central panels: thermal eccentricity distribution f(e) de = 2e de (Jeans,
1919); green dashed line in the right-hand panels: isotropic distribution of inclinations
f(i) di = sin(i)/2 di.
Tab. 4.2. Fraction of bound stars with semi-major axis a smaller than 1, 5, 10 and 20 pc.
a<1 pc a<5 pc a<10 pc a<20 pc
run 1 0.25% 5.2% 12% 42%
run 2 0.64% 6.0% 13% 43%
run 3 0 0 8.2% 53%
run 1p 0.03% 4.5% 32% 92%
run 2p 0.14% 6.4% 31% 90%
run 3p 0 0 36% 99.9%
Column 1: run name; Columns 2− 5: fraction of bound stars whose semi-major axis is < 1 pc
(Column 2); < 5 pc (Column 3); < 10 pc (Column 4); < 20 pc (Column 5). The listed fractions
are computed after 5 Myr from the beginning of the simulation in runs 1, 2, and 3 and after 10
Myr in runs 1p, 2p, and 3p.
Elisa Bortolas, Doctoral Thesis 99
is small, these stars can have a further effect on the binary orbital shrinking. The
fraction of stars with semi-major axis smaller than 5 pc is higher when the radial
infall is coplanar (runs 2 and 2p), as the coupling between the SC and the BHB is
stronger and more stars settle on low-energy orbits tightly bound to the BHB.
The distribution of inclinations i of the stellar orbit with respect to the BHB orbital
plane strongly depends on the initial orbital plane of the SC in runs 1, 2 and 3:
while bound stars in run 1 preserve a nearly perpendicular orbital inclination with
respect to the orbital plane of the BHB, the distribution of bound stars in run 2
is more isotropic. In run 3, the SC-BHB interaction initially drives all stars with
i < 90 degrees on orbits with i & 90 degrees; by the end of the run almost all stars
in run 3 rotate in the opposite direction to the BHB, except for a few stars that
probably experienced a strong interaction with the BHB. The counter rotation of
most stars results from the choice of giving to the SC an orbital angular momentum
opposite to that of the BHB.
The final distribution of stellar inclinations in runs with the Dehnen potential is
similar for runs 1p and 2p, suggesting that stellar inclinations may reach the same
equilibrium configuration if one waits long enough; however, after 10 Myr a small
fraction of stars in these runs still keep memory of the initial conditions of the
simulation (e.g. there is a small peak in the distribution of inclinations at ∼ 90
degrees in run 1p). In addition, ≈ 70 per cent of bound stars in runs 1p and 2p
settle on orbits whose inclination is smaller than 90 degrees; this indicates that
stars preferentially align their orbital angular momentum with the BHB one. Such
result is not surprising as gravitational torques induced by the binary can drag a
number of stars into corotating orbits (e.g. Mapelli et al., 2005). Despite the fact
that in run 3p most stars keep memory of their initial inclination (∼ 180 degrees),
even in this run some stars are dragged onto corotating orbits by the gravitational
torques of the binary, as 0.3 per cent of them have an inclination smaller than 90
degrees after 10 Myr.
In all radial runs the eccentricities of bound stars are much higher than a thermal
distribution, as stars keep memory of the initial radial orbit of the SC; the eccen-
tricity distributions look similar for such radial runs even if perpendicular runs 1,
1p always have a slight overabundance of highly eccentric stars compared to the
coplanar runs 2, 2p. The large fraction of very eccentric objects also indicates that
most bound stars are only marginally bound to the system.
The distribution of eccentricities in run 3 is initially very similar to the thermal
distribution (Jeans, 1919), but this is probably because the initial orbital eccen-
tricity of the SC is e = 0.75, i.e. it is really close to the mean-square value of the
thermal eccentricity distribution. At later times, such distribution is still close to
the thermal one, but more power is found at high eccentricities, indicating that the
BHB funnels stars on more radial orbits.
The initial eccentricity distribution of stars in run 3p still peaks at e = 0.75, but
the higher initial velocity of the SC in this run makes the distribution narrower
compared to the one of run 3. At late times, the eccentricity distribution of run 3p
slightly broadens and a small peak is found at e ≈ 0.9, as a probable signature of
weak slingshot interactions.
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Fig. 4.12. Cumulative distribution of unbound stars Nu whose radial velocity is greater
than a threshold velocity v0 as a function of v0 after 5 Myr in runs 1, 2 ,3 and after 10
Myr in runs 1p, 2p. Red dotted thin line: run 1; blue solid thin line: run 2; black dashed
thin line: run 3; orange dotted thick line: run 1p; sea-green solid thick line: run 2p; no
stars escape from the system in run 3p. The dash-dotted vertical line at v0 = 533 km s−1
shows the escape velocity from the Milky Way at three virial radii (Smith et al., 2007; Piﬄ
et al., 2014).
4.2.5 Hyper-velocity stars
Figure 4.12 shows the cumulative distribution of the radial velocity vr of stellar
escapers, i.e. stars that become unbound during the simulation; here vr represents
the component of the stellar velocity vector projected along the radial direction.
From Figure 4.12, it is apparent that a large number of stars become unbound in
runs 1, 2 and 3 (without Dehnen potential), but their velocity is > 100 km s−1
only in few cases.
The fastest escapers in runs 1 and 3 attain a velocity vr ∼ 200 km s−1 at most.
Run 2 produces a marginally larger number of fast escapers: four objects attain
an escape speed greater than the estimated escape speed from the Milky Way at
three virial radii: ≈ 533 km s−1 according to Piﬄ et al. (2014).
In contrast, Figure 4.12 shows that only few tens of stars become unbound in
runs 1p and 2p (with Dehnen potential), but their velocity is always > 600 km
s−1. In particular, only 10 and 21 stars out of 105 get unbound in run 1p and 2p,
respectively, while no star leaves the potential well in run 3p.
The velocity attained by the escapers in runs 1p and 2p can reach values as high as
5,000 km s−1 and 20,000 km s−1, respectively(3). Again, coplanar orbits (run 2p)
are more efficient in producing high velocity stars than perpendicular SC orbits
(run 1p). We stress that all the escapers in runs 1p and 2p can be classified as
genuine hyper-velocity stars (Hills, 1988; Brown et al., 2005, 2006), produced by
the interaction with the BHB.
(3) If we do not anchor the BHB centre of mass to the origin of our reference frame, the number of
produced hyper velocity stars is similar to what we show in Fig. 4.12; however, the maximum
velocity attained by such hyper velocity stars drops to about 6,000 km s−1.
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4.3 Discussion and conclusions
In this investigation, we simulated the disruption of a SC by a BHB. We explored
several different configurations for the SC-BHB interaction: with and without a
rigid Dehnen potential, considering a SC orbital eccentricity e = 1 and e = 0.75,
and assuming 0 or 90 DEG inclination between the orbital plane of the SC and
that of the BHB.
Runs without Dehnen potential are quite unrealistic, because the BHB is expected
to lie in the centre of the galactic potential well. However, we ran them, because
they represent a very simple test case, and because we can infer the role of the
galactic potential from the comparison between runs with and runs without a
galactic potential.
When the initial SC orbit has non-zero angular momentum (e = 0.75), only few
stars enter the BHB loss cone. As a consequence, the hardening rate of the BHB
is almost negligible. This result is nearly unaffected by the presence of a Dehnen
potential.
In contrast, if the initial orbit of the SC is radial (e = 1), the infall of the SC
effectively refills the loss cone of the BHB: the semi-major axis of the BHB changes
by &10 per cent within 5− 10 Myr. Even if nearly radial orbits are not expected
to be common, they can be produced by collisions between molecular clouds. In
particular, the collision of two molecular clouds close to the central parsec of a
galaxy might trigger the formation of a SC with very low orbital angular momentum
(e.g. Hobbs and Nayakshin 2009; Mapelli et al. 2012). For instance, Tsuboi et al.
(2015) recently showed that at least part of the star formation observed within the
Galactic Centre may be triggered by collisions between molecular clouds.
In our simulations, if the Dehnen potential is not included and the SC infalls
radially, the semi-major axis of the BHB shrinks very fast during the first encounter
with the SC, but then it stalls. In contrast, if the Dehnen potential is included, the
hardening of the BHB is initially less efficient, but then the BHB keeps shrinking at
a significant rate for the entire simulation (10 Myr). The reason of this difference
is that most stars that interact with the BHB acquire a kick velocity of several ten
to several hundred km s−1. If only the SC and the BHB contribute to the potential
well, these stars end up unbound and completely ejected from the system. Thus,
they cannot undergo more than one interaction with the BHB.
In contrast, if the rigid Dehnen potential is included, these kick velocities are too
low to unbind a star: most stars remain bound to the potential well. After reaching
their new apoapsis, these stars fall back toward the centre of the potential well and
might interact with the BHB several times. Thus, the BHB keeps shrinking for a
longer time, because each star can undergo multiple interactions with the BHB.
We stress that the simulations presented here neglect the effects of dynamical
friction induced by the pristine stellar population on the infalling SC (because
the Dehnen potential is modelled as a rigid potential). Gravitational drag can
bring the SC remnant on orbits closer to the BHB and further assist the BHB
shrinking. However, Petts and Gualandris (2017) recently showed that dynamical
friction is inefficient in bringing SC stars on orbits closer than ∼ 2 pc from the
central massive object(s), even if one assumes a very dense SC infalling from 5− 15
pc distance.
102 4. Star cluster disruption by a supermassive black hole binary
Another effect we neglected is the loss cone refilling induced by a massive perturber
(the SC, in our case) on the pristine stellar population, as this mechanism was
already explored in a series of previous studies (Perets and Alexander, 2008; Matsui
and Habe, 2009): they demonstrated that a massive object is able to deflect the
orbits of many stars belonging to the pristine galaxy core and funnel them onto
the loss cone, enhancing the binary shrinking. In particular, Matsui and Habe
(2009) analysed how the BHB shrinking rate can be boosted by the infall of a
compact dwarf galaxy merging with the BHB host galaxy. They consider the
infall of an object whose mass is ∼ 10 times the BHB mass (while in our runs
MSC ≈ 0.04MBHB) and they do not study the phase-space redistribution of stars
belonging to the infalling stellar system, focusing on the effects of the dwarf-induced
loss cone repopulation instead.
Finally, we stress that in our simulations the change in the BHB semi-major axis
was explored only for a limited number of cases, and in a forthcoming study we will
investigate what happens for different orbital properties and masses of the SC and
different BHB separations. However, we can already make some guess on the effect
of a different choice of initial conditions, by means of some analytic consideration.
The change of the semi-major axis likely depends on (i) the initial semi-major axis
of the BHB, (ii) the initial relative velocity between SC and BHB, (iii) the total
mass of the SC, and (iv) the mass of the BHB.
The geometric cross section of the BHB scales as the square of the semi-major axis.
Thus, the effect of SC infall would have been stronger for a wider BHB, because
all SC members would have passed inside the separation between the two SMBHs.
However, this effect is mitigated by gravitational focusing: the trajectory of a SC
star is deflected by the gravitational pull of the BHB. Accounting for gravitational
focusing, the effective periapsis distance between the centre-of-mass of the SC and
that of the BHB is p ≈ b2 v2i /[2G (Mb +MSC)], where b is the impact parameter,
vi is the initial relative velocity between the BHB and the SC, G is the gravitational
constant, Mb is the BHB mass, and MSC is the SC mass (Sigurdsson and Phinney,
1993). In our runs 1, 2, 1p, and 2p, we chose vi = 0, which implies p ∼ 0.
Thus, the result of these runs can be considered as an upper limit to the effect of
three-body encounters on the BHB shrinking. For a small impact parameter (of
the same order of magnitude as the BHB semi-major axis), the shrinking of the
binary is completely determined by the ratio between the SC mass and the BHB
mass, because the average relative change of the BHB binding energy ∆Eb/Eb per
encounter scales as (Hills, 1983; Quinlan, 1996; Colpi et al., 2003; Mapelli et al.,
2005)
∆Eb
Eb
= ξ
m?
Mb
, (4.4)
(cf. Eq.1.15) where m? is the average mass of a single star, and ξ is a dimensionless
factor (ξ ∼ 1− 10 for small impact parameters, Hills 1983). Equation 4.4 implies
that the expected variation of the BHB semi-major axis due to SC infall is
1− af
ai
∼ 0.1
(
ξ
1
) (
N?
105
) (
m?/Mb
10−6
)
, (4.5)
where af and ai are the final and initial BHB semi-major axis, respectively, while
N? is the number of stars in the SC.
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The change of semi-major axis derived from this back-of-the-envelope calculation is
remarkably similar to the value we obtained from our runs 1, 2, 1p, and 2p (i.e. the
simulations where the SC is on a radial orbit). Thus, we might expect that a SC
with N∗ & 106 on a nearly radial orbit would have lead a ∼ 106M BHB close to
the regime where the orbital decay by GW emission is efficient. However, it must be
kept in mind that only a small fraction of SC members can efficiently interact with
the BHB once the semi-major axis has dropped to  1 pc. Dedicated simulations
are needed to probe this extreme situation. Moreover, to derive equation 4.5, we
implicitly assumed that each star scatters with the BHB only once (as in the runs
without Dehnen potential). As we have discussed in Section 4.2, this assumption
gives us a lower limit to the efficiency of BHB hardening.
In this study, we also investigated the fate of the SC. In all runs, the SC is almost
completely disrupted by the interaction with the BHB. SCs infalling with non-
zero orbital angular momentum settle on a disc-like structure, whose morphology
strongly depends on the initial SC eccentricity and on the presence of a Dehnen
potential. No hyper-velocity stars are produced if the SC orbit has non-zero angular
momentum.
If the SC is on a radial orbit and the Dehnen potential is not included, ∼ 95 per
cent of stars are kicked onto unbound orbits and only a small fraction of the initial
SC keeps orbiting the BHB. These bound stars settle into a small subsystem whose
shape is strongly influenced by the initial SC orbit; the final distribution of stars
follows a trend ρ(r) ∝ r−2.
If the SC infall is radial and the Dehnen potential is included, most stars remain
bound to the global potential and are generally confined within ∼ 50 pc from the
BHB. Only few tens of stars become unbound in this case, but their velocities are
of the order of several thousand km s−1. Thus, these are genuine hyper-velocity
stars. These features represent the main observational imprints of a SC that was
recently disrupted by a BHB.

5
Brownian motion of massive black hole
binaries and the final parsec problem
Based on:
Bortolas, E., Gualandris, A., Dotti, M., Spera, M. and Mapelli, M.,
“Brownian motion of massive black hole binaries and the
final parsec problem”, 2016, MNRAS 461, 1023
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The ultimate coalescence of a SMBH binary (BHB) is expected to occur in a burst
of low-frequency GWs, which will be revealed by the forthcoming LISA mission
(Thorne, 1994; Amaro-Seoane et al., 2017). This fact has led to a renewed interest
in the study of BHBs dynamical evolution.
Even if the late BHB pairing, induced via stellar slingshot ejections, has been
questioned for more than a decade (leading to the formulation of the so-called fi-
nal parsec problem Milosavljević and Merritt 2003b), recent investigations strongly
suggest that BHBs can efficiently merge within a Hubble time in most galaxies, pro-
vided that the host galaxy exhibits a significant degree of non-sphericity (Vasiliev
et al., 2015; Gualandris et al., 2017). However, this conclusion initially came from
simulations adopting the direct summation N -body method. This highly accurate
numerical approach is required when one wishes to model the detailed evolution of
the binary and of the orbits of stars interacting with it; however, its N2 computa-
tional complexity limits applicability to a few million particles at most.
Simulations with low resolution (i.e., low N) might be plagued by both spurious
two-body relaxation effects and, most importantly for the present Chapter, by
an increased Brownian motion of the binary centre of mass (CoM). Whenever a
slingshot interaction occurs, the binary CoM experiences a recoil whose amplitude
depends on the mass of the ejected star. In low-N models, where stars are orders of
magnitude more massive than in real galaxies, the binary experiences an enhanced
Brownian motion. As it wanders within its typical Brownian radius, the binary can
intersect more stars than it would were it confined to a smaller region. Therefore,
the binary loss cone(1) is artificially enlarged, and the binary may harden more
(1) The loss cone is the region of phase-space harbouring stars with angular momentum low
enough to undergo an encounter with the binary.
105
106 5. Brownian motion of BHBs and the final parsec problem
efficiently than it would in a real physical system.
What is the importance of Brownian motion and whether it depends on the res-
olution has been debated for a long time. It has been argued that “a substantial
fraction of all massive binaries in galaxies can coalesce within a Hubble time” due
to the effects of Brownian motion (Chatterjee et al., 2003). In contrast, other the-
oretical studies suggest that Brownian motion is modest for BHBs in real galactic
nuclei (Merritt, 2001; Milosavljević and Merritt, 2003a), but it remains to be es-
tablished whether it is responsible for the sustained hardening of BHBs observed in
direct-summation merger simulations. In the present Chapter we study the Brow-
nian motion of BHBs in galaxy merger simulations and its connection with loss
cone repopulation and the final parsec problem.
5.1 Methods
We performed a suite of direct-summationN -body simulations of equal mass galaxy
mergers, varying the resolution (i.e. particle number N) and the density distribu-
tion of the progenitor galaxies. Each galaxy follows a Dehnen’s density profile
(Dehnen, 1993):
ρ(r) =
(3− γ)Mg
4pi
r0
rγ(r+ r0)4−γ
, (5.1)
with total mass Mg, scale radius r0 and inner slope γ. Two different realisations
of the same model were placed on a bound elliptical orbit in the x − y plane,
with initial orbital eccentricity e = 0.5, separation ∆r = 20r0 and semimajor axis
a = 15r0. The units were chosen in such a way that G = r0 = Mtot = 1, where
Mtot represents the total stellar mass involved in each merger simulation. A point
mass representing the MBH was placed at the centre of each spherical system, with
a mass M• = 0.005Mg.
We performed three main groups of simulations, each characterised by a different
inner slope for the colliding galaxies: γ = 0.5 for set A, γ = 1 for set B, and
γ = 1.5 for set C. For each set, we considered different values for N from 8k to 1M.
For set C the N=1M case was avoided due to the prohibitively long integration
time required. The list of performed simulations is given in Table 5.1. Each model
was evolved for t ≈ 500 time units; this choice ensures that the binary is followed
for ∆t & 100 after the MBHs form a bound Keplerian pair. The parameters of the
performed N -body experiments are summarised in Table 5.2.
The initial conditions were evolved adopting the integrator HiGPUs, a direct-summation
N -body code based on the sixth order Hermite scheme with block timesteps, de-
signed to run on GPUs (Capuzzo-Dolcetta et al., 2013). The integrator adopts
a Plummer softening kernel (Plummer, 1911); we chose a softening parameter
ε = 10−4; this length scale is smaller than the minimum separation reached by the
binary during its evolution. In HiGPUs, the individual particle timesteps are com-
puted via a combination of the sixth and fourth order Aarseth criterion (Aarseth,
2003; Nitadori and Makino, 2008), and the two accuracy parameters were set equal
to ηsixth = 0.45, ηfourth = 0.01 (for details, see Capuzzo-Dolcetta et al., 2013). The
minimum and maximum possible values in the hierarchy of timesteps were chosen
as ∆tmin = 2−29 ≈ 1.863 · 10−9 and ∆tmax = 2−6 = 0.015625.
All simulations of set A, B, and C were run allowing the BHB to wander (hereafter,
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Tab. 5.1. List of simulations. Column 1: simulation set (A, B, C); column 2: run name;
column 3: total number of particles N ; column 4: slope γ of the inner profile in each galaxy
model. All mergers are equal mass.
Set Run N γ
A 1 8k 0.5
2 16k 0.5
3 32k 0.5
4 64k 0.5
5 128k 0.5
6 256k 0.5
7 512k 0.5
8 1M 0.5
B 1 8k 1.0
2 16k 1.0
3 32k 1.0
4 64k 1.0
5 128k 1.0
6 256k 1.0
7 512k 1.0
8 1M 1.0
C 1 8k 1.5
2 16k 1.5
3 32k 1.5
4 64k 1.5
5 128k 1.5
6 256k 1.5
7 512k 1.5
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Tab. 5.2. Parameters of the simulations. From left to right: initial semi-major axis, initial
eccentricity, initial separation of the two original galaxies, scale radius of each galaxy, total
stellar mass in each simulation, mass ratio between the two merging galaxies, mass ratio
between the BHB and the stellar mass in the simulation, softening parameter.
ai ei ∆r r0 Mtot q Mb/Mtot ε
15 0.5 20 1 1 1 0.005 10−4
Fig. 5.1. Trajectories of the two MBHs in the x− y plane for the three sets of simulations,
corresponding to γ = 0.5, 1.0, 1.5, from left to right, and N = 512k. In this Figure and in
the following, distances are in scalable N−body units.
free-binary simulations). Simulations of set B were then re-run while periodically
re-centering the BHB at the centre of the merger remnant to quench the binary’s
wandering (hereafter, fixed-binary simulations).
5.2 Simulations and binary evolution
The trajectories of the MBHs in the x− y plane are shown in Figure 5.1 for the
three simulation sets. The initial evolution of the MBH pair reflects the orbit of
the progenitor galaxies, which is the same for all three sets, and the trajectories
are therefore quite similar.
The time evolution of the binary separation is shown in Figure 5.2, for the three
different sets (free-binary simulations), and for N = 512k. This represents the
maximum resolution available for all three γ values, and is therefore our fiducial
resolution.
Here we recall the three central phases of BHB evolution. We consider an equal
mass binary with total massMb. The first phase of evolution is driven by dynamical
friction, which brings the MBH pair to a separation af , defined as the separation
at which the stellar mass M? enclosed in the binary orbit is twice the mass of the
secondary MBH. In our case:
M?(af ) =Mb. (5.2)
The time t(af ) at which this separation is reached approximately corresponds to
the time of formation of a bound Keplerian binary in our equal mass simulations.
Around this time, stellar encounters with stars on intersecting orbits start becom-
ing important, and mark the beginning of the strong three-body scattering regime
(Sesana, 2010). In this phase, which sees a rapid shrinking of the binary separation,
slingshot ejections first combine with dynamical friction and then become the main
driver of binary hardening. This phase is rather short, and ends when the loss cone
consisting of stars initially on intersecting orbits has been emptied. At this point,
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Fig. 5.2. Evolution of the binary separation as a function of time for the runs with resolution
N =512k. From left to right, panels show the evolution for models with initial central
density slope γ = 0.5, γ = 1 and γ = 1.5. The significant separations af (roughly at
which the Keplerian binary forms, equation (5.2)), af/10 and ah (from which slingshot
interactions expel unbound stars, equation (5.3)) and their corresponding times are marked
in the panels. In this Figure and in the following, times and distances are in scalable
N−body units.
the inner cusp of the remnant is destroyed and a core has been carved in the stellar
distribution.
We define the binary to be hard when its binding energy per unit mass exceeds the
kinetic energy per unit mass of the field stars, i.e. when it reaches a separation
ah =
GMb
8σ2∗
. (5.3)
Here σ∗ represents the velocity dispersion of the field stars (Milosavljević and Mer-
ritt, 2001). From this moment, stars ejected from the nucleus via the slingshot
mechanism attain a velocity greater than the escape velocity. The quantities af
and ah and their corresponding times are marked in Figure 5.2. The remnant mass
distribution keeps memory of the initial slope γ, especially before the mass-carving
has taken place; as a consequence, both af and ah show a clear dependence on the
initial value of γ (see Figure 5.2): the radius containing the mass of the binary is
smaller for merger products generated by steeper initial models, inducing a smaller
af , while the velocity dispersion σ2∗ of cuspier models is expected to be higher and
produces a smaller ah.
We also recall the definition for the hardening rate
s(t) =
d
dt
1
a
, (5.4)
where a represents the semi-major axis of the binary. We compute s in all simula-
tions by performing a linear fit to a−1(t) in small time intervals, and plot its time
evolution in the middle panels of Figure 5.3. The hardening rate is approximately
constant with time. This behaviour is expected for binaries hardening in constant
density backgrounds (Hills, 1983), i.e. when the stellar field is unaffected by the
binary evolution. Since this is not the case in a merger, the roughly constant nature
of s implies that the loss cone is efficiently replenished, in agreement with previous
studies that found the BHB to merge within a Hubble time (Preto et al., 2011;
Khan et al., 2011; Gualandris and Merritt, 2012).
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Fig. 5.3. Time evolution of the inverse semimajor axis 1/a (top panels), hardening rate
(middle panels) and fraction of loss cone stars (bottom panels) for all the available resolu-
tions from N = 8k to N =1M. We averaged the hardening rate over several time intervals,
to smooth fluctuations. The left-hand panels refer to the set with initial density slope
γ = 0.5, the central panels refer to the set with γ = 1 and the right-hand panels refer
to the last set with γ = 1.5. Notice the different scale of the vertical axis in the top right
panel. Time on the horizontal axis is given from the time corresponding to a = af ;
The Figure also shows the evolution of the inverse semi-major axis 1/a (top panels)
and the number of stars inside the loss cone Nlc, normalised to the total number
of stars. Since hardening is assumed to be due to stars in the loss cone interacting
with the binary, it is useful to monitor how many stars can be found in the loss
cone at any given time. A star is considered to belong to the loss cone if its angular
momentum per unit mass (L) is smaller than the angular momentum per unit mass
of a circular binary with the same energy, i.e. L ≤ LLC =
√
2GMb a. We find
that after the binary has become hard, the fraction of stars in the loss cone is
approximately constant, or only slightly decreasing, on the time scale considered
in the simulations. The decrease is due to the fact that the loss cone shrinks with
time as the binary separation shrinks (Vasiliev et al., 2015).
5.3 Brownian motion
5.3.1 Theoretical expectations
The Brownian motion of a single MBH in a nucleus is well described by a random
walk due to encounters with field stars (Chandrasekhar, 1942, 1943). If a massive
object with massM is surrounded by an isothermal distribution of stars, its velocity
dispersion σ is expected to obey energy equipartition with the background stars:
σ2 =
m
M
σ2∗, (5.5)
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where σ∗ is the stellar velocity dispersion and m is the typical stellar mass. This
result has been shown to remain valid for a wide range of stellar backgrounds
(Dorband et al., 2003; Merritt, 2005; Merritt et al., 2007a). A similar behaviour is
expected for the CoM of a BHB in a galactic nucleus. Superelastic scattering and
the fact that stars are ejected in random directions slightly enhance the Brownian
motion amplitude in the binary case; however, Merritt (2001) showed that the
binary’s random motion in phase space is dominated by distant encounters and
therefore the wandering essentially obeys equation (5.5). Merritt (2001) derived an
expression for the characteristic amplitude of the motion rb, under the assumptions
that (i) the binary is placed in a constant density core, (ii) the stellar potential
is harmonic and (iii) the Brownian motion has no influence on the stellar velocity
field and mass distribution:
rb =
(
R2
R1
)1/2 ( m
Mb
)1/2
rc
=0.01 pc
(
R2
R1
)1/2 ( m
M
)1/2(108M
Mb
)1/2 (
rc
100 pc
)
, (5.6)
where (R2/R1)1/2 is a factor of order unity related to Chandrasekhar’s coefficients,
rc represents the King core radius (King, 1966) and Mb is the total mass of the
binary.
5.3.2 Free-binary simulations
In order to characterise the Brownian motion of the BHB, it is necessary to define
a meaningful reference position to be compared with the binary CoM over time. In
principle, one could think of using the centre of mass of the whole stellar system, but
this is dominated by the outermost stars which have a negligible influence on the
BHB evolution. A better option is the centre of mass of the 50% innermost stars in
the system, which allows one to discard the outermost stars and consider only stars
belonging to the density cusp to define the reference centre. Since at early times
two stellar cusps are present, we started the Brownian motion characterisation from
the moment when the binary separation reaches af/10: at this stage, the Keplerian
binary has formed and the two original systems have already merged into a single
cusp(2).
We evaluated the typical wandering radius of the binary in the following way: (i)
first we computed the CoM (C0) from 50% of the particles closest to the binary’s
CoM; (ii) then we reiterated the procedure by evaluating a more accurate CoM (C1)
over the 50% stars closer to C0, once this quantity is known. The displacement
of C1 from the BHB CoM constitutes our best estimate of the binary wandering
amplitude rb over time. It is worth stressing that our recursive approach avoids
biases induced by the selection of stars with respect to the position of the BHB.
The proportionality relation σ2 ∝ m from equation (5.5) can be verified by com-
puting the BHB CoM velocity dispersion σ2 with respect to the CoM velocity of
(2) This particular moment has been chosen since it corresponds approximately to the point
when the binary decay slows down considerably in all the three sets of simulations performed.
We avoided other approaches due to the noisy trend of the binary separation in the lower-N
cases.
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Fig. 5.4. Analysis of the BHB Browninan motion. Top: Time-averaged binary velocity
dispersion as a function of the number of particles N in each simulation. Centre: Time-
averaged wandering radius of the BHB as a function of particle number. Bottom: Time-
averaged hardening rate versus particle number. In all cases, the average is computed
from the time when a separation af/10 is reached and over 100 time units thereafter. The
orange dashed lines represent power-law fits to the data and the obtained best-fit slopes
are given by the orange labels below the lines. The green dotted lines indicate the expected
dependencies based on theoretical models, with slopes given by the green labels above the
lines. In all cases, the left-hand panels refer to simulations with γ = 0.5, central panels
refer to simulations with γ = 1, and right-hand panels to the set with γ = 1.5.
the stellar background σ∗. This velocity CoM has been computed over the same
stars used for the calculation of C1.
In order to test the binary Brownian motion dependence on the number of particles
in each simulation, we averaged the hardening rate s, binary wandering radius rb
and CoM velocity dispersion σ2 over time from the moment at which the binary
separation reaches af/10 and for ∆t=100 time units. From equation (5.5), we
expect a theoretical dependence of rb ∝ N−0.5 and σ2 ∝ N−1, given thatm = 1/N
in the simulations. The averaged σ2, rb and s are shown in Figure 5.4 as a function
of N . We performed a power-law fit of the obtained data points for each of these
quantities as a linear least-square fit in logarithmic scale. We thus obtained a
dependence of the form rb ∝ Npr , σ2 ∝ Npσ2 and s ∝ Nps . The computed power-
law indexes are listed in Table 5.3 and show a good agreement with the expected
values pσ2 = −1 and pr = −0.5. Therefore the observed amplitude of the binary’s
Brownian motion follows the expected theoretical dependence on particle number.
If the loss cone refilling were driven by Brownian motion, a similar dependence
on N would be expected for the hardening rate. However, this is not observed,
and the hardening rate of the binary shows a much weaker dependence on N
than the amplitude of the wandering. We argue that such dependence is due to
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Tab. 5.3. List of best-fit power-law indexes of the BHB CoM velocity dispersion (σ2),
wandering amplitude (rb) and hardening rate (s). Column 1: index name; column 2:
expected values based on theoretical arguments; columns 3–5: results for simulations whose
initial galaxies had inner slope γ = 0.5, 1.0, 1.5, respectively.
Index exp. γ = 0.5 γ = 1 γ = 1.5
pσ2 −1 −0.76 −1.1 −0.86
prb −0.5 −0.45 −0.53 −0.52
ps 0 −0.16 −0.16 −0.15
a combination of collisional repopulation of the loss cone and Brownian motion at
these moderate values of N , but should become negligible at more realistic particle
numbers (Gualandris et al., in preparation).
5.3.3 Fixed-binary simulations
In order to draw a more robust conclusion about the role of Brownian motion in
loss cone refilling, we re-ran the set of simulations with γ = 1.0 while periodically
re-centering the binary at the centre of the merger remnant to quench the binary’s
wandering. To this purpose, we introduced the following modifications in the N -
body integrator: (i) at each integration step, both MBHs were forced to advance
with the smallest populated timestep in the hierarchy; (ii) the BHB was pinned
down at the centre of the density cusp by shifting the binary CoM position during
each corrector step and setting its velocity to zero. These new runs were started
at the time when the binary separation in the original simulations drops below
af/10. The centre of the stellar density cusp was evaluated by computing the CoM
of particles inside a sphere with radius l0 (≈ 5), i.e. the sphere containing 50% of
stars at the beginning of these new runs. During each corrector step the predicted
positions of the stars were used to (i) estimate the CoM (S0) of particles within
a distance l0 from the binary CoM and (ii) reiterate the procedure by computing
a more precise CoM (S1) using the just estimated CoM (S0) as new centre of the
sphere. We refer to this new set of integrations as fixed-binary simulations, to
distinguish them from the previous free-binary ones.
From Figure 5.5 it is apparent that the hardening rate is lower for the fixed-binary
runs in the low-N limit. As the resolution is increased, though, the free-binary
evolution resembles more and more the fixed-binary evolution. This aspect can be
better appreciated from Figure 5.6: the time-averaged hardening rate in the free-
binary runs approaches the hardening rate of the runs with anchored BHB as N
increases, and the binary behaviour converges in the higher resolution simulations.
Accordingly, the power-law dependence of the averaged hardening rate on N in the
fixed-binary simulations is shallower (ps = −0.052) compared to the one obtained
from the free-binary runs (ps = −0.16).
In addition, we note that the hardening rate measured in the low-N runs with fixed
binary is only slightly larger than the same rate measured at the highest particle
number. This implies that Brownian motion has a non negligible role in loss cone
refilling for particle numbers in the range 104 ≤ N ≤ 106 , while it does not
appreciably influence the BHB evolution if N & 106.
Chatterjee et al. (2003) and Quinlan and Hernquist (1997) used a similar strategy
114 5. Brownian motion of BHBs and the final parsec problem
Fig. 5.5. Evolution of the binary separation (left-hand panels) and of the inverse semimajor
axis 1/a, hardening rate s and fraction of loss cone stars Nlc/N (from top to bottom,
right-hand panels). The free-binary evolution is shown with a black dotted line, while the
fixed-binary evolution is overplotted with a red solid line. We present the evolution for
some of the available resolutions: from top to bottom, N = 8k, 32k, 128k, 1M. All panels
refer to the set of simulations with γ = 1.
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Fig. 5.6. Time-averaged binary hardening rate as a function of the number of simulated
particles for the γ = 1 set in the case of free-binary evolution (black filled circles) and
fixed-binary evolution (red empty circles). The two sets converge at the largest N values.
and compared simulations in which the binary is free to wander with simulations
in which the BHB CoM is pinned down at the origin; however they both find that
hardening quickly stops after the first loss cone depletion if the binary is not allowed
to random walk. This discrepancy comes from the fact that (i) Chatterjee et al.
(2003) and Quinlan and Hernquist (1997) used a different integration technique
with respect to our paper, and (ii) they simulated the BHB evolution in spherical
systems, where triaxial loss cone refilling is inhibited; this mechanism is indeed
expected to be the main driver of the BHB hardening in high-resolution runs.
We conclude that Brownian motion has an appreciable influence on the BHB evo-
lution only at small particle numbers, and it can be safely neglected in free-binary
simulations for N & 1M.
5.4 Summary
Massive BHBs are believed to form in the final stages of galaxy mergers. The
formation of MBH pairs in gas-poor environments is driven by a combination of
dynamical friction and close encounters with stars on low angular momentum or-
bits. However, both theoretical models and simulations show that evolution via
the slingshot mechanism may be ineffective in bringing the binaries to coalescence
if the loss cone region is not efficiently replenished. Recent simulations suggest
that a departure from spherical symmetry in the merger remnant may lead to
a change in the main mechanism driving loss cone refilling, from collisional two-
body scatterings to collisionless torques in non-spherical systems. The reliability
of these results may be questioned given the modest particle number achievable
in current state-of-the-art direct-summation N -body simulations. In such cases,
the inevitable wandering of the binary due to Brownian motion results in a larger
population of stars on loss cone orbits.
In this work, we investigated the significance of Brownian motion of BHBs in merger
simulations in the context of the final parsec problem. We performed three sets of
direct-summation simulations corresponding to three different choices of the inner
slope of the density profile (γ = 0.5, 1.0, and 1.5), and varying the particle number
(from 8k to 1M particles).
116 5. Brownian motion of BHBs and the final parsec problem
We found that the effect of Brownian motion on the binary evolution is rather weak,
and the Brownian motion amplitude rb is in good agreement with the expected rb ∝
N−0.5 relation, while the binary hardening rate only exhibits a weaker dependence
on N .
We also performed additional simulations in which the binary centre of mass was
fixed at the centre of the density cusp (fixed-binary runs), and we found that the
hardening rate of the BHB measured in the free-binary and fixed-binary case con-
verge to similar values forN ∼1M. Moreover, the hardening rate measured in low-N
models with a fixed-binary evolution is only slightly larger than the one measured
in high-N free-binary runs. This suggests that the role of Brownian motion in
merger simulations is comparable to the effect collisional loss cone repopulation for
104 . N . 106. However, Brownian motion is not important for N & 1 M even in
free-binary simulations.
Our findings support the general belief that non-sphericity of merger remnants
leads to efficient collisionless loss cone refilling (Preto et al., 2011; Khan et al., 2011;
Gualandris and Merritt, 2012) and the final parsec problem disappears whenever
this dominates over collisional effects.
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Several works have highlighted the key role of galaxy morphology in ensuring that
SMBH binaries (BHBs) evolving in galactic nuclei efficiently coalesce via the emis-
sion of gravitational waves (GWs) on timescales shorter than the age of the Universe
(Yu, 2002; Berczik et al., 2006; Khan et al., 2013; Vasiliev et al., 2014). In partic-
ular, recent studies claim that BHBs can efficiently harden via three-body stellar
scatterings only if the host galaxy is triaxial, even if only modestly, as diffusion
in angular momentum allows for efficient loss cone refilling even when two-body
relaxation is negligible (Yu, 2002; Vasiliev et al., 2015; Gualandris et al., 2017).
Departures from spherical symmetry are expected and are in fact observed in all
merger remnants, and strongly suggest that BHBs are able to reach final coa-
lescence within the age of the Universe in the vast majority of cases (e.g. Khan
et al., 2011; Preto et al., 2011; Gualandris and Merritt, 2012; Khan et al., 2016).
Purely axisymmetric remnants, however, seem unable to drive BHBs to coalescence
(Vasiliev et al., 2015; Gualandris et al., 2017).
Even if all merger remnants show some degree of asphericity (e.g. de Zeeuw and
Franx, 1991), the actual shape of the relic is known to depend on several fac-
tors, primarily the initial orbit and the properties of the progenitors. Linking the
morphology and kinematics of present-day galaxies to their formation and merger
histories is a long standing challenge, dating back to the very first astrophysical
simulations (e.g. Holmberg, 1941; Toomre and Toomre, 1972; White, 1978, 1979).
Galaxy mergers seem to play a major role in shaping present day ellipticals and
in determining their size evolution (e.g. Cox et al., 2006; Naab et al., 2009; Oser
et al., 2012; Hilz et al., 2012; Frigo and Balcells, 2016); a plethora of studies focus
on the formation of ellipticals via mergers of spiral galaxies (Naab, 2013; Naab and
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Ostriker, 2016, and references therein), but the possibility of producing ellipticals
via collisions of pressure-supported systems has also been explored(1) (White, 1978,
1979; González-García and van Albada, 2005; Di Matteo et al., 2009; Hilz et al.,
2012). An interesting result in such scenario is that the merging nuclei often ex-
perience a nearly head-on collision producing maximally triaxial or nearly prolate
(bullet-like) remnants (González-García and van Albada, 2005; Di Matteo et al.,
2009).
However, these findings may not apply if the colliding systems host an SMBH.
Early studies on the stability of triaxial systems including a single central SMBH
have shown that the massive body acts as a scattering centre, driving the system
toward an oblate (disc-like) configuration (Gerhard and Binney, 1985; Merritt and
Quinlan, 1998). More recently, Poon and Merritt (2001, 2002, 2004) demonstrated
the existence of equilibrium configurations for maximally triaxial and nearly oblate
systems hosting an SMBH, even when a large fraction of chaotic orbits are included;
however nearly prolate shapes seem not to be sustainable in the presence of a central
SMBH (Poon and Merritt, 2004).
The above work suggests that the morphology and kinematics of dry-merger rem-
nants will be altered if at least one SMBH takes part in the galactic collision.
This is important because the shape of the remnant has a strong influence on the
hardening efficiency of any post-merger BHB (e.g. Gualandris et al., 2017).
In this Chapter, we explore the consequences of the presence of BHBs on the
geometry of their host galaxies for the first time. We start our simulations from
the merger of two spherical stellar systems, and we study the evolution of the
remnant geometry when the BHB is not present and when it is included. We find
that the central massive bodies strongly change the morphology of their hosts well
beyond their sphere of influence, leading the system towards oblate (disky) shapes.
The study of the effect of the environment on the BHB hardening is of utmost
importance, since it has implications for the BHB coalescence rates expected for
forthcoming GW observatories.
6.1 Methods
6.1.1 Initial Conditions
We consider the merger of two equal-mass galaxies, both set up with an isotropic,
spherically symmetric, Dehnen density profile (Dehnen, 1993):
ρ(r) =
(3− γ)Mg
4pi
r0
rγ(r+ r0)4−γ
, (6.1)
where Mg is the total mass of the galaxy, r0 is the scale radius of the model and
γ is its inner density slope. Each galaxy was sampled with N = 512k equal mass
(1) It has long been known that present-day ellipticals cannot be formed from the mergers of
present-day spirals (e.g. Ostriker, 1980; Cox et al., 2006). Indeed, many ellipticals require
dissipational mergers (i.e. mergers that bring in fresh gas and promote star formation) to
produce their observed kinematics (e.g Dubinski, 1998; Hilz et al., 2013). The most massive
ellipticals, however, appear to only grow through dissipationless mergers (e.g Dubinski, 1998;
Hilz et al., 2013) and so our focus in this Chapter is on gas-free ‘dry’ mergers.
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Tab. 6.1. Identifiers of the runs. Columns refer to the initial concentration of the merging
galaxies (γ = 0.5, 1, 1.5, respectively Low, Medium and High Concentration); rows refer to
the initial orbital eccentricity (e = 0.5, 0.7, 0.9; labels 5, 7, 9 respectively) and to whether
the merger remnant hosts no SMBHs (no additional label), only one SMBH (run labelled
with ‘o’) or a BHB (runs labelled with ‘b’).
γ = 0.5 (LC) γ = 1 (MC) γ = 1.5 (HC)
e = 0.5, no SMBHs LC5 MC5 HC5
e = 0.7, no SMBHs LC7 MC7 HC7
e = 0.9, no SMBHs LC9 MC9 HC9
e = 0.5, BHB LC5b MC5b HC5b
e = 0.7, BHB LC7b MC7b HC7b
e = 0.9, BHB LC9b MC9b HC9b
e = 0.7, one SMBH - MC7o -
Tab. 6.2. Scaling of the models depending on the inner density slope of the primordial
galaxies (γ). M• is the SMBH mass at the centre of the Dehnen model, [M] is the unit
mass, [L] is the length unit, [T] is the time unit and [V] is the velocity unit.
M•, [M] (M) [L] (pc) [T] (Myr) [V] (km/s)
γ = 0.5 4× 106, 8× 108 30 8.67× 10−2 339
γ = 1 4× 106, 8× 108 50 1.86× 10−1 262
γ = 1.5 4× 106, 8× 108 120 6.93× 10−1 169
γ = 0.5 108, 2× 1010 190 2.76× 10−1 673
γ = 1 108, 2× 1010 320 6.04× 10−1 518
γ = 1.5 108, 2× 1010 720 2.03 346
particles (we discuss our choice of force softening in section 6.1.3). The merging
galaxies were initially on a bound Keplerian orbit with semimajor axis ai = 15r0
and separated by ∆r = 20r0.
We ran different simulations changing the density slope of the merging galaxies
and their initial orbital eccentricity. Specifically, we varied the density profile by
setting γ = 0.5 (low concentration systems, LC), γ = 1 (medium concentration
systems, MC) and γ = 1.5 (high concentration systems, HC); we set the orbital
eccentricity as e = 0.5 (runs labelled wit ‘5’), e = 0.7 (runs labelled wit ‘7’) and
e = 0.9 (runs labelled with ‘9’) for a total of nine different configurations. We ran
all the simulations both omitting and including (runs labelled with ‘b’) a SMBH in
the centre of each colliding system; this last case leads to the formation of a BHB in
the centre of the remnant. When present, the mass of the SMBH isM• = 0.005Mg.
Table 6.1 lists the identifiers of each run in the suite of simulations.
We add a further run (MC7o) including a SMBH in only one of the two colliding
systems; the properties of the merging galaxies in this last simulation are the same
as in MC7, MC7b, while the SMBH mass is M• = 0.01Mg.
6.1.2 N-body Units
Non-dimensional units are used throughout the Chapter: the Newtonian gravita-
tional constant G is set equal to 1, and we further set r0 = Mtot = 1, where Mtot
is the total stellar mass in each simulation (i.e. since we have equal mass mergers,
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Fig. 6.1. The plot shows the time evolution of the relative energy error |∆E/E| as defined
in equation (6.2) for the runs with γ = 1 and e = 0.7. In particular, we show the energy
error for runs with no SMBHs (solid blue line, run MC7), with only one SMBH (dashed
black line, run MC7o), and with a BHB (dotted red line, run MC7b). For comparison,
we also show the BHB binding energy in run MC7b with a grey dash-dotted line; such
quantity is always at least one order of magnitude larger than the relative global energy
error in run MC7b.
Mtot = 2Mg). It is possible to rescale the systems to real galaxies when the SMBHs
are present by using the relation between the SMBH influence radius (rinfl, i.e. the
radius including 2M• in stars) and the SMBH mass (M•) using the relation pre-
sented in Merritt et al. (2009): rinfl = 30 pc× (M•/108M)0.56. Table 6.2 lists the
scaling units; rinfl is computed analytically as the radius enclosing a stellar mass
equal to 2M• in the Dehnen profile considered. The same scaling is assumed for
equivalent runs without SMBHs.
6.1.3 Simulations
The simulations are performed adopting the direct summationN -body code HiGPUs
(Capuzzo-Dolcetta et al., 2013), designed to run on GPU accelerators. HiGPUs
integrates the evolution of the system via the sixth-order Hermite scheme and im-
plements a hierarchy of block timesteps: in particular, the individual timesteps
are computed via a combination of the sixth and fourth order Aarseth criterion
(Aarseth, 2003; Nitadori and Makino, 2008); we set the respective accuracy pa-
rameters to ηsixth = 0.45, ηfourth = 0.01 (for details, see Capuzzo-Dolcetta et al.,
2013). The minimum and maximum possible values in the hierarchy are chosen as
∆tmin = 2−29 ≈ 1.86× 10−9 and ∆tmax = 2−6 = 0.015625. We set the softening
parameter to ε = 10−4; such small softening avoids the formation of stellar bina-
ries; at the same time it allows to follow the evolution of the BHB (when present)
limiting errors in the energy conservation. Note that such a small softening is re-
quired to correctly model the interaction between the BHB and its surrounding
stars. It will also slightly reduce the relaxation time of the surrounding stellar
distribution, which is a numerical error. However, this error will be small since the
relaxation time (see section 6.2.1) depends linearly on the particle number, N , and
only logarithmically on the force softening, ε (Dehnen and Read, 2011).
The evolution of the relative energy error of the whole system, i.e.∣∣∣∣∆EEi
∣∣∣∣ = ∣∣∣∣E −EiEi
∣∣∣∣ (6.2)
for runs with γ = 1 and e = 0.7 is displayed in Figure 6.1; here Ei is the initial
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Tab. 6.3. Relaxation timescales in N-body units at different radii. The first column shows
the name of the run, while the next columns list the relaxation timescales at the radius
enclosing a different fraction mencl of the total stellar mass, i.e. (from left to right) the
0.5%, 10%, 25%, 50%, 75%; the relaxation timescales are computed at t ≈ th for runs
including the BHB and at the corresponding time for runs without SMBHs.
Run mencl = 0.5% mencl = 10% mencl = 25% mencl = 50% mencl = 75%
LC7 600 6,900 28,500 260,000 2.5M
LC7b 1,900 7,500 29,000 280,000 2.3M
MC7 160 4,300 19,000 220,000 2.0M
MC7b 850 4,500 20,500 191,000 2.0M
HC7 50 2,000 11,000 143,000 2.3M
HC7b 370 2,200 13,000 142,000 2.1M
energy of the whole system, while E is the same quantity evaluated at a given
time t. The figure shows that energy is well conserved for the entire duration
of the simulation when the BHB is not included, as the relative energy error is
always below 10−6; this is true for all simulations without a BHB. When a BHB
is present, however, the energy error suffers a sudden increase around the time of
binary formation (t ≈ tf ). This is most likely due to the large number of encounters
experienced by the binary at this time. Similar energy errors are obtained in the
other simulations, and the energy error reaches values of a few ×10−3 at most.
Such energy errors do not invalidate our results regarding the morphology of the
remnant since they can be attributed to energetic slingshot ejections of stars which
then leave the system. However, they may affect the evolution of the binary param-
eters. Fig. 6.1 also shows the BHB binding energy in run MC7b; here the binary
binding energy is at least an order of magnitude larger than the global energy error
at any given time, and this holds for all simulations with a BHB.
6.2 Theory
6.2.1 Two-body relaxation
Two-body relaxation operates on a timescale tr (Eq. 1.11) that strongly correlates
with the number of particles in the system (Eq. 1.12), and it is known to exceed
the Hubble time in almost all sufficiently luminous galaxies. However the limited
number of particles (N = 512k) in our simulations results in a significantly smaller
relaxation time. In table 6.3 we list the relaxation timescale of systems with e = 0.7,
both with and without the BHB, at different shells of enclosed mass when ab ≈ ah;
the relaxation time is computed from simulation snapshots via Eq. 1.11, estimating
the Coulombian logarithm as lnΛ = ln(Mb/m∗) within the BHB influence radius
(if the BHB is present) and as lnΛ = ln(r80/ε) otherwise; r80 is the radius enclosing
80% of the stellar mass.
In our runs, the relaxation time is significantly longer than the simulation time at
radii containing a fraction of the total stellar mass of the order of 50% or above, but
this no longer holds at smaller radii, in particular when the BHB is not present and
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the progenitor galaxies are more concentrated(2). The computation of tr will enable
us to disentangle the effects of spurious two-body relaxation from the consequences
of the merger and BHB evolution.
6.2.2 Computation of triaxiality
The shape of the galactic merger remnant can be determined by computing the
ellipsoid that best approximates the stellar distribution at a given distance. If
a > b > c are the axes of this ellipsoid, a deviation from perfect sphericity can be
evaluated quantitatively as the departure of b/a, c/a from unity. When a single
SMBH or a BHB is present, we evaluated the axes of the ellipsoid using all the stars
enclosed within a sphere of radius r centered on the SMBH or on the BHB centre
of mass; if the BHB is not present, the centre of the system is instead assumed to
be the centre of mass of the 75% innermost particles; we verified that the different
evaluations of the spheroid’s centre do not affect the computation of the axis ratios.
The procedure we adopt for the evaluation of the remnant shape is the same as in
Katz (1991) and Antonini et al. (2009).
The first order axis ratios are determined from the eigenvalues (ξ, η, θ) of the in-
ertia tensor I: ξ =
√
I11/Imax, η =
√
I22/Imax, θ =
√
I33/Imax, where Imax =
max(I11, I22, I33). In order to get a better accuracy, we iterate the procedure and
we computed new axis ratios by considering only particles enclosed in an ellip-
soidal volume with the previously computed (ξ, η, θ), i.e. all particles i located in
(xi, yi, zi, ) satisfying
q2i =
(
xi
ξ
)2
+
(
yi
η
)2
+
(
zi
θ
)2
< r2. (6.3)
The procedure is iterated until an accuracy of 10−5 is achieved in the computation
of the axis ratios; the ellipsoid is free to rotate about its centre at each iteration.
Finally, we define the ellipsoidal axes a > b > c such that (1, b/a, c/a) are equal to
(ξ, η, θ) in the right order. It is then possible to compute the triaxiality parameter
T of the system within r as:
T =
a2 − b2
a2 − c2 ; (6.4)
T is a quantity used to describe the deviation of a system from perfect sphericity
and it can vary in the range [0, 1]:
1. if 0 ≤ T < 0.5 the spheroid is oblate;
2. if T = 0.5 the system is said to have maximum triaxiality;
3. if 0.5 < T ≤ 1 the spheroid is prolate.
(2) The relaxation time depends primarily on the density and the velocity dispersion of the
system. Within the half mass radius, the density at a given fraction of enclosed mass signif-
icantly increases with γ, while σ3 exhibits a weaker growth; as a result, at small scales, the
relaxation time becomes shorter if the galaxy concentration is enhanced. However, at radii
enclosing more than half of the total mass, the density increase with γ becomes milder, and
can be hindered by the comparable growth of σ3. For this, at large scales, the relaxation time
may be found to grow with increasing γ (Table 6.3).
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Fig. 6.2. The snapshots show the galaxy merger evolution in three different runs: MC7
(no SMBHs), MC7o (one SMBH) and MC7b (two SMBHs); small black crosses mark the
position of the SMBHs and the colour code refers to the projected mass density, ranging
from ≈ 500 to ≈ 2.5×105 particles per squaredN -body unit. TheN−body time associated
with each snapshot is shown at the top of the image; each box is 13 N -body units wide.
In the description of the results, we will make use of both the axis ratios (b/a,
c/a) and the triaxiality parameter T to characterize the shape of the remnant.
We stress that the shortest axis of the spheroid typically lies perpendicularly with
respect to the merger plane (when a BHB is present, the merger plane is always
parallel to the BHB orbital plane).
6.3 Results
6.3.1 BHB evolution
Figure 6.2 shows the evolution of the galactic collision in the merger plane for runs
MC7, MC7o and MC7b, i.e. three simulations with the same merger orbit and
galaxy density profile, but including respectively zero, one and two SMBHs.
The trajectories of the two SMBHs in the plane of the merger for different values
of the merger eccentricity are instead shown in Figure 6.3; we stress that when
the SMBHs are not included, the orbital evolution of the centres of density are not
significantly different to the analogous SMBH paths in Figure 6.3. The significant
scales (af , ah) in the BHB evolution and their associated times are listed in table
6.4: the merger is faster if the orbital eccentricity is higher, as galaxies experience
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Fig. 6.3. Trajectories of the two SMBHs in the merger plane for runs MC5b, MC7b, MC9b,
i.e. with e = 0.5, 0.7, 0.9, from left to right. We only show the orbits for simulations with
γ = 1, as the large-scale SMBH paths only weakly depend on the density of the progenitor
galaxies. In this Figure and in the following, distances are in scalable N−body units.
Fig. 6.4. Time evolution of the BHB hardening rate (s, top panel) and the inverse semi-
major axis of the binary (a−1b , bottom panel). Dotted lines: γ = 0.5; dashed lines: γ = 1;
solid lines: γ = 1.5. Red lines: e = 0.5; blue lines: e = 0.7; black lines: e = 0.9. Time on
the horizontal axis is given starting from tf .
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Tab. 6.4. Characteristic scales of the binary evolution in the simulations. First column:
run identifier; second column: value of af ; third column: time at which the BHB reaches
af ; fourth column: value of ah; fifth column: time at which the BHB reaches ah. See the
text for further details.
Run af tf ah th
LC5b 0.165 342 0.0100 365
LC7b 0.152 238 0.0101 259
LC9b 0.137 127 0.00841 156
MC5b 0.097 368 0.00709 375
MC7b 0.096 240 0.00730 246
MC9b 0.083 124 0.00673 131
HC5b 0.051 408 0.00429 410
HC7b 0.045 254 0.00436 256
HC9b 0.038 118 0.00419 119
a closer pericentre passage. Note that we defined tf ≡ t(af ) and th ≡ t(a− h).
Figure 6.4 displays the temporal evolution of the BHB hardening rate and the
inverse of the semimajor axis. The BHB hardening rate does not show any clear
relation with the initial orbital eccentricity (Figure 6.4, top panel) but the binary
appears to shrink slightly faster when the merger eccentricity is higher (Figure 6.4,
bottom panel).
The hardening rate strongly depends on the density slope γ of the progenitors: if
the system is more compact, more stars are initially available for three-body inter-
actions with the BHB in the inner region of the remnant and the BHB hardening is
more efficient, as already discussed in Sesana and Khan (2015) and Vasiliev et al.
(2015). In addition, we note that the BHB hardening rate decreases in time, espe-
cially when γ is high; in particular, s in all our simulations tends to the same value
(s ≈ 3− 4) towards the end of the runs. The decline in the BHB hardening rate
has also been observed in a series of recent papers (e.g. Vasiliev et al. 2015; Sesana
and Khan 2015; Gualandris et al. 2017); according to Vasiliev et al. (2015) it is due
to the fact that low-energy orbits are more populated in steeper models, thus more
stars are initially found in the BHB loss cone; once most of the low-energy orbits
have been depleted, less stars on higher energy orbits are available to interact with
the BHB. We mention that a slowing down of the hardening rate might also be
caused by a loss of triaxiality in the system, as suggested in Vasiliev et al. (2015).
Finally, we note that the trend in the BHB hardening rate we find here is compa-
rable to what found in previous similar studies that refute the final parsec problem
(e.g. Khan et al., 2011; Preto et al., 2011; Gualandris and Merritt, 2012), thus our
results confirm that BHBs should be able to coalesce in less than a Hubble time in
most galaxies.
6.3.2 Triaxiality of the system
In this section we describe the morphology of the merger relic and its dependence on
(i) the presence of the BHB and (ii) the initial conditions of the merger. Figure 6.5
shows the temporal evolution of the axis ratios and triaxiality parameter T , while
Figure 6.6 shows how the same quantities vary as a function of the enclosed stellar
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Fig. 6.5. (Caption on the following page.)
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Fig. 6.5. Triaxiality parameter T and axis ratios as a function of time for models with
e = 0.5 (top row), e = 0.7 (central row) and e = 0.9 (bottom row); simulations with initial
galaxies having γ = 0.5, 1, 1.5 are shown respectively on the left, central and right-hand
column. Each plot consists of three panels showing the temporal evolution of (from top
to bottom) b/a, c/a and T ; these quantities have been averaged over small time intervals
to reduce noise; the time evolution is shown starting from tf , i.e. when the galaxy merger
is completed. Different lines indicate the parameters computed using particles within a
sphere enclosing a fraction equal to the 0.5% (green), 10% (red), 25% (violet), 50% (blue)
and 75% (black) of the total stellar mass; simulations including the BHB are shown with
filled points, while simulations without SMBHs are shown in empty points. In all plots,
the vertical dashed line on the left marks the reference time at which the axis ratios and
triaxiality of the structure enclosing the 25% of the stellar mass is evaluated; the line on
the right shows the reference time for evaluating the morphology of the system at larger
scales. Note that the triaxiality increases for increasing orbital eccentricity (top to bottom)
and for decreasing concentration (right to left).
mass; the system properties are shown for remnants both with and without a BHB.
Runs with the BHB: time evolution
In all simulations with the BHB, the merger remnant stays nearly maximally triax-
ial at the binary influence radius. At larger scales, the system turns into an oblate
spheroid (0.9 . b/a . 1) immediately after the merger is complete in most of the
realizations. The evolution towards oblateness generally occurs in less than ∼ 20
time units (i.e. on a timescale of the order of the dynamical time), and cannot be
a product of two-body relaxation. All the remnants in this suite of simulations are
flattened, with the shorter axis ratio c/a in the range 0.6− 0.7.
The shortest axis c/a is typically aligned with the spin direction of the merger rem-
nant, which always coincides with the spin direction of the initial galaxy merger,
i.e. the positive z axis. The BHB co-rotates with the galaxy (i.e. its spin is also
aligned with the positive z axis) in all but two runs: in run LC9b the BHB is
counter-rotating, as its spin points towards the negative z axis; the same happens
at t ≈ tf in run MC9b. However, in the latter run the angle between the positive z
axis and the BHB spin progressively changes from 180 degrees to about 100 degrees
at t = tf + 1, 500. These results are not surprising: simulations by Wang et al.
(2014) already found that a BHB may form with angular momentum misaligned
to the spin of the host system; in addition, Gualandris et al. (2012a) showed that
BHBs whose angular momentum is initially misaligned to that of the stellar envi-
ronment generally tend to realign, and this is probably what is happening in run
MC9b.
The very large-scale structure of the system, i.e. the region including 75% of
the total mass, exhibits some oscillations over time, except for run HC5b. In
this peripheral region the dynamical time over which the system finds a stable
configuration is generally long due to the low stellar density, that results in a longer
dynamical time: in particular, b/a increases from about 0.8− 0.9 to unity in almost
all runs, and by the end of the simulation the large scale system tends to be an
oblate spheroid. Again, this evolution cannot be attributed to two-body relaxation
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Fig. 6.6. Triaxiality parameter and axis ratios as a function of the enclosed mass mencl;
from top to bottom, the plots show b/a, c/a and T for runs including the BHB (filled red
points), omitting it (blank blue points) and for the run with only one SMBH (run MC7o,
black asterisks in the central panels). Each panel is labelled with the name of the runs
shown: from left to right, panels show runs with increasing concentration (γ = 0.5, 1 and
1.5), while from top to bottom, panels show runs with increasing eccentricity (e = 0.5, 0, 7
and 0.9) as in Fig. 6.5.
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but rather to the merger itself, as the relaxation timescale in the peripheral regions
of the remnant is ∼ 2 × 106 time units (see Table 6.3), much longer than the
simulated time.
The eccentricity seems to play a major role in determining the temporal evolution
of the system right after the merger: on the one hand, if the initial eccentricity
is small (e ≈ 0.5) the system does not show any appreciable oscillations in the
axis ratios and it reaches its equilibrium state very quickly. On the other hand,
if the eccentricity is high (e = 0.9) the axis ratios oscillate in time, and this is
particularly true if one looks at the mid- or large-scale structure in systems with
initial γ = 0.5, 1; the oscillations are related to the fact that the galactic collision
occurs nearly head-on. Since the process is particularly violent, the whole system
takes some time to settle down to a stable configuration; in runs LC7b, LC9b
and MC9b the large-scale oscillations are still present more than 1,000 time units
after the merger, even if they manifest some damping over time. The large-scale
oscillations are more prominent if the system is shallower.
The persistence of the system shape also depends on the steepness of the progenitor
galaxies. If γ = 1.5, the remnant is really compact and its initial shape is hardly
modified, even by very eccentric mergers. As a consequence, highly concentrated
models reach their final equilibrium in a short time and immediately turn into
oblate spheroids, with b/a ≈ 1. When the progenitors have shallower profiles, they
are more affected by the merger and, if e > 0.5, the remnant displays some degree
of triaxiality within 25% of the enclosed stellar mass.
In summary, highly concentrated (γ = 1.5) galaxies hosting SMBHs and colliding
on mildly eccentric orbits (e = 0.5) lead to stable values for the remnant axis ratios
and the resulting system is oblate, with b/a ≈ 1; shallow models (γ = 0.5) on very
eccentric orbits (e = 0.9) generate mildly oblate or triaxial remnants, and exhibit
strong oscillations in the axis ratios over a long timescale. Simulations with e = 0.7
and γ = 1 show a transition behaviour between the two extremes discussed above.
We stress that none of the remnants hosting a BHB shows any degree of prolateness
outside the BHB sphere of influence after the merger process is completed.
Runs without the BHB: time evolution
At very large scales (i.e. beyond the half-mass radius) the models are unaffected by
the SMBHs presence, and the behaviour of the axis ratios and triaxiality parameter
T in the peripheral regions is almost the same for runs with and without SMBHs;
in particular, the mid- and large-scale oscillations in the shape of the system when
e ∼ 0.9 and γ . 1 are a common feature of both configurations.
At smaller scales (enclosing 1% to 25% of the total stellar mass) the differences
between runs with and without a BHB start to be evident: if the SMBHs are not
included, the systems are initially nearly prolate or maximally triaxial, at least
within the ∼ 10% of the enclosed stellar mass if the merger eccentricity is higher
than 0.5. The shortest axis of the system is generally aligned with the normal to
the merger plane even in these runs without a BHB.
130 6. The influence of SMBH binaries on galactic morphology
Fig. 6.7. Temporal evolution of the triaxiality parameter T in the run MC9. Different
lines refer to different values of the enclosed mass (the colour code is the same as in
Figure 6.5) using a different number of particles N for the simulation: N = 128k (empty
circles), N = 256k (asterisks) and N = 512k (filled circles). The triaxiality parameter
is plotted against (t− tf ) · T512k/tr, where tr is the local relaxation timescale for each
different model computed at t ≈ tf ; T512k is the local relaxation time for the run with
N = 512k particles. The factor T512k/tr ensures that the shape evolution of different
merger remnants is evaluated along the same fraction of tr. Lines with the same colour
(i.e. evaluating T on the same spatial scale) well overlap regardless of N ; this clearly
suggests that relaxation is the main driver beyond shape evolution in runs without BHB.
Spurious relaxation effects
All the runs without BHB exhibit a slow but steady growth of the axis ratios
(especially b/a) towards unity: within the ∼ 25% of the enclosed mass, all the
remnants generally evolve towards a more oblate shape, perhaps even towards
sphericity. This is due to spurious relaxation rather than to the merger process, as
the shape evolution is faster for more concentrated models, i.e. when the relaxation
time is shorter (Table 6.3). To verify this, we re-ran simulation MC9 including a
smaller number of particles, i.e. N = 128k and 256k, and we compared the results
with the reference simulation with N = 512k. In this comparison, we find that
models with lower N systematically evolve faster towards oblateness (i.e. lower
T ) at all scales, indicating that relaxation is the driver behind shape evolution. In
order to confirm this, in Figure 6.7 we plot the evolution of the triaxiality parameter
T for different N , as a function of the time-related quantity
τ = (t− tf )T512k
tr
; (6.5)
here tr is the local relaxation timescale of each model (eq. 1.11) evaluated at
t ≈ tf , while T512k is the local relaxation time for the run with N = 512k particles.
The quantity τ coincides with t− tf in the model with 512k particles, while it
represents t− tf extended by a factor proportional to t−1r in the other runs. In
this way, Figure 6.7 shows the shape evolution, for each given spatial scale, across
a fixed interval of the relaxation time. In the plot, lines describing the behaviour
of T for a given fraction of enclosed mass (i.e., lines with the same colour) well
overlap irrespective of N ; this is strong evidence that two-body relaxation is the
main driver of the shape evolution of models without BHB.
Obviously, relaxation effects are at play even in runs with the BHB. We checked
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this aspect by re-running simulation MC9b with lower N values. The impact of
relaxation is comparable to what we find in the run without any SMBH (i.e., the
system evolves faster towards unitary axis ratios if N is lower) at scales enclosing
more than ≈ 5% of the total stellar mass. However, BHB hosts with high N tend to
have axis ratios closer to unity within ∼ 2% of enclosed stellar mass, compared to
remnants with lower N ; i.e., the trend with N is inverted at small scales, compared
to what is found at larger separations. This might mean that real BHB hosts –
typically with N  512k – display slightly larger axis ratios and lower T in their
inner regions, compared to what we find in our reference runs with N = 512k.
Thus the value of T within a few per cent of the total stellar mass in our runs
including the BHB might be slightly overestimated, compared to real galaxies(3).
Given all these facts, and since real galaxies are generally unaffected by two-body
relaxation, the actual shape of the merger remnants in our simulations has to
be evaluated after the merger is completed, but before two-body relaxation has
played a significant role in remodelling the systems. Isolating the action of two-
body relaxation from the effects of the merger is not a trivial task; in fact, on
the one hand one needs to evaluate the shape of the remnants early enough to
avoid spurious relaxation effects; on the other hand, the system settles on a stable
configuration after the merger over a timescale of the order of the dynamical time.
Such time interval in the outer regions of the remnants can be very long, even larger
than the nuclear relaxation timescale in the same system. For this, by considering
the relaxation time as a function of radius and from Figure 6.5, we find it best
to evaluate the shape of the model within 25% of enclosed mass at a time equal
to: (i) tf + 300 if γ = 0.5, (ii) tf + 150 if γ = 1, (iii) tf + 40 if γ = 1.5. The
shape of the system at the half-mass radius and beyond is always evaluated at
time tf + 500. Such times are used for estimating both the remnant geometry and
the kinematical properties of the merger remnants, i.e. the quantities shown in
Figures 6.6, 6.8-6.11. The reference times are marked with vertical dashed lines in
Figure 6.5.
Effect of the BHB
The most striking result of our simulation is particularly evident from Figure 6.6:
remnants hosting SMBHs always keep a lower value of T at all scales compared
to remnants resulting from equivalent runs without the BHB. When the massive
bodies are present, the system geometry is more oblate at all scales and possibly
closer to spherical. In particular b/a can be as low as 0.6 in runs without SMBHs,
while it is always higher than 0.8 (and even 0.9 outside 1% of the enclosed mass)
if the BHB is present. In addition, when the SMBHs are included, the system
is generally less flattened (i.e. c/a is higher). The differences between remnants
with and without SMBHs are extremely evident when the initial galaxies are less
concentrated and the merger is more radial, while dense models colliding on more
circular orbits (as HC5 and HC5b) do not show any clear difference in shape. A
(3) The described effect is likely rather small: the run with N = 512k has axis ratios larger
by . 0.075 compared to the axis ratios computed with N = 256k even at the smallest scale
we consider (enclosing 0.5% of the stellar mass), where the low-N effects are most extreme;
this translates in a triaxiality parameter that is smaller in our reference run by 0.05 at most,
compared to the run using N = 256k.
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qualitative inspection of the remnants shape in time suggests that all our systems
rotate; in particular, if one excludes run HC5, runs without a BHB host a rotating
bar-like structure aligned to the merger plane, that may extend as far as the half-
mass radius; the structure has an increasing extent and prolateness in remnants
resulting from low-angular-momentum collisions of shallow systems. Outside the
limiting radius, the bar-like structure loses coherence and the remnant rotates with
a non-uniform angular speed. A maximally triaxial or slightly oblate figure is also
present within the half mass radius in the most eccentric runs including the BHB.
In all the other remnants hosting the SMBHs triaxiality is mostly limited to the
binary’s influence radius. In addition, Figure 6.6 shows very clearly that T never
attains values higher than 0.5 outside the binary influence radius when the BHB
is present.
Only one SMBH
At this stage it is worth investigating whether a BHB is necessary for producing
the aforementioned differences, or even the presence of a single SMBH drives the
remnant towards oblateness. For this purpose, we analize simulation MC7o: such
simulation has the same initial orbit and density profile as in runs MC7, MC7b
but it hosts a SMBH in only one of the two colliding galaxies. The results of this
comparison are shown in the central panels of Fig. 6.6. Clearly, even a single SMBH
erases all the triaxiality outside the SMBH’s sphere of influence, meaning that the
differences in the shape of the remnant are not driven by slingshot ejections but
probably by the steep central potential induced by the SMBH(s) presence.
Interestingly, T has almost the same dependence on the enclosed stellar mass when
only one or two SMBHs are present; however, the axis ratios b/a and especially
c/a in runs MC7b and MC7o attain a different value within the SMBH(s) sphere
of influence: the system gets closer to spherical (b/a ≈ 0.9, c/a ≈ 0.8) immediately
after the merger when only one SMBH is present, while it is more flattened (b/a ≈
0.85, c/a ≈ 0.6) when the remnant hosts a BHB.
In order to understand whether the triaxiality within the BHB influence radius
survives after the BHB coalescence, we manually merged the two SMBHs into
one in simulation MC7b at t = tf + 400, and we studied the further evolution of
the remnant morphology within the single SMBH sphere of influence. When two
SMBHs are replaced with one, the inner regions of the remnant slowly migrate
towards a more isotropic configuration and the axis ratios reach the same values as
in run MC7o. This change of the system geometry takes roughly 500 time units to
be completed, a timescale close to the relaxation time of the system at such scale,
suggesting that two-body relaxation is the main driver behind the shape evolution.
We thus expect the very central region of a galaxy to ‘remember’ the presence of
a BHB for a timescale of the order of its relaxation time.
Dependence on the initial conditions
In this section we address how the initial conditions of the merger influence the
morphology of the remnant. Figures 6.8 and 6.9 show the axis ratios and T de-
pendence respectively on the merger eccentricity and on the density slope of the
merging systems, for runs with and without BHB.
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Fig. 6.8. Triaxiality parameter T and axis ratios as a function of the initial orbital eccen-
tricity for runs with BHB (left) and without BHB (right). The panels show T , b/a and c/a
as a function of e. The upper left plot also shows the hardening rate s for runs with the
BHB; s is computed over the same interval of time used for computing the triaxiality and
axis ratios. The columns refer to different fractions of enclosed mass: 0.5% (first column),
10% (second column) and 50% (third column). Different symbols show simulations with
inner density slope of the progenitors, γ, equal to 0.5 (black circles), 1 (green asterisks)
and 1.5 (red triangles).
Fig. 6.9. Triaxiality parameter T and axis ratios as a function of the inner density slope of
the progenitor galaxies, γ, for runs with BHB (left) and without BHB (right). The panels
show T , b/a and c/a as a function of γ. The upper left plot also shows the hardening rate
s for runs with the BHB; s is computed over the same interval of time used for computing
the triaxiality and axis ratios. The columns refer to different fractions of enclosed mass:
0.5% (first column), 10% (second column) and 50% (third column). Different symbols
show simulations with orbital eccentricity of the merger, e, equal to 0.5 (black circles), 0.7
(green asterisks) and 0.9 (red triangles).
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Fig. 6.10. Fraction of residual rotational velocity vφ to velocity dispersion σ of the remnant
as a function of the enclosed mass mencl. Each panel is labelled with the name of the runs
shown. Filled red points: runs with the BHB; empty blue points: runs without the BHB;
black asterisks: run MC7o with a single SMBH.
The axis ratio b/a outside the ∼ 1% of enclosed mass tends to decrease with
increasing e, especially within the 10− 25% of enclosed stellar mass; this results
in a higher value of T when the merger is more radial, and is true regardless of
the presence of the BHB. The trend in b/a and T is more prominent when the
BHB is omitted, as the system can attain a value of T that is greater than 0.6.
When the BHB is included, an increasing eccentricity also determines the increase
of c/a, i.e. the model is more flattened if the initial galaxies are on a higher angular
momentum orbit. When the BHB is not included, this trend is clear only at large
radii, while the mid- and small-scale structure exhibit a more stochastic trend in
e. At very small scales (i.e. enclosing ∼ 0.5% of the stellar mass) T seems not to
depend on e, or the dependency is too weak to be distinguished from statistical
noise.
The shape of the remnant also depends on the density profile of the merging galax-
ies: b/a increases with γ at any scale and independently of the presence of the two
SMBHs, and this results in a declining value of the triaxiality parameter T . Such
trend is more evident at radii enclosing 10% of the stellar mass when the BHB is
omitted. The dependence of c/a on the concentration of the progenitors is less
obvious: c/a seems to decline if γ is increased in runs with the BHB, especially in
the central regions of the model; the trend seems to be opposite when the remnant
does not host any SMBH; however such dependencies of c/a are very weak and
might be a result of statistical noise.
Figures 6.8 and 6.9 also show the dependence of the hardening rate on e and γ. As
already mentioned, s does not show any obvious relation with e while it strongly
increases with increasing γ; moreover, there is no clear correlation between s and
the morphology of the system at any scale.
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6.3.3 Kinematics of the remnants
Rotational support
Even if the progenitor galaxies are pressure supported systems, the merger induces a
certain degree of net rotation in the remnant, whose velocity vector always lies along
the merger plane. To quantify this, we evaluated the magnitude of the velocity
component aligned to the merger plane(4) (vφ) and the local velocity dispersion
of the remnant (σ, computed for different enclosed masses). In Figure 6.10 we
show the ratio between such velocities, vφ/σ, as a function of the enclosed mass:
more radial mergers result in less rotationally supported remnants, as expected
by the laws of conservation of angular momentum; this is true at all radii. The
system exhibits a higher rotational support at large distances from the centre, as
most of the orbital angular momentum is absorbed by the peripheral regions in
the initial phases of the merger. Our simulations also show that the merger relic
is only partially rotationally supported: vφ/σ can be as high as 0.8 beyond the
radius enclosing 25% of the mass; the rotational support gradually drops moving
inwards, reaching vφ/σ = 0− 0.3 within the 1% of enclosed stellar mass.
Figure 6.10 shows that the rotational support within 1% of enclosed mass in most
runs with the BHB is slightly higher compared to runs without SMBHs and even
to the run with only one SMBH. To explain this, we have to keep in mind that
when a BHB is present, it expels stars on radial orbits, thus only stars on almost
circular orbits can remain in the innermost regions. As a consequence, BHB-hosts
attain a higher value of vφ/σ in the centre of the remnant, while the same does not
apply when only one or no SMBHs are present. This effect is enhanced in highly
concentrated models, as more stars can interact with the BHB.
At larger scales, including up to 10% of the total mass, vφ/σ is still higher in
runs with the BHB compared to runs with no SMBHs; however the run with a
single SMBH behaves as the case with the BHB, suggesting that a process different
than slingshot ejection is at play. We propose such additional process to be the
deposition of angular momentum due to the infall of the SMBH(s), when they
are present. In order to test this possibility, we adiabatically grow a SMBH of
mass 0.005Mtot in the remnant of the originally SMBH-free run MC7, starting at
t = tf + 10, i.e. after the completion of the merger process; the SMBH is bound to
grow linearly with time, reaching its final mass in 50 time units. In this test case,
vφ/σ behaves exactly as in run MC7 with no SMBHs. This confirms that if one or
two SMBHs participate the merger process, their angular momentum loss due to
dynamical friction increases the rotational support in the host galaxy; such effect is
very small, and it is maximum at radii enclosing 5− 10% of the total stellar mass.
Velocity anisotropy
A stellar system can also be characterized by the anisotropy parameter
β = 1− σ
2
T
2σ2R
, (6.6)
(4) In the computation of vφ we averaged the tangential components of the velocities, and not
their magnitudes. Stars with positive and negative tangential velocities cancel each other out.
Therefore vφ describes the degree of rotation of the system.
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Fig. 6.11. Anisotropy parameter β as a function of the enclosed mass mencl. Each panel is
labelled with the name of the runs shown. Filled red points: runs with the BHB; empty
blue points: runs without the BHB; black asterisks: run MC7o with a single SMBH.
where σT = (σ2θ +σ2φ)1/2 is the tangential velocity dispersion, and σR represents the
radial velocity dispersion. The anisotropy parameter measures whether a system
is dominated by stars on radial orbits (0 < β < 1), tangential orbits (−1 < β < 0)
or the two are perfectly balanced and the system is isotropic (β = 0, as in the
progenitor galaxies).
The anisotropy parameter as a function of the enclosed stellar mass is shown in Fig.
6.11: in all runs, stars are mainly found on radial orbits beyond 1% of the enclosed
mass, as β mostly lies in the range 0.1− 0.3; generally β attains higher values if the
galactic merger is more radial, at least within the half-mass radius. Runs including
the BHB exhibit a lower value of the anisotropy parameter at small scales; in
particular, within a sphere including 0.5% of the mass β stays between 0 and 0.05
if the BHB is absent, while it lies in the range [−0.15,−0.05] if the BHB is included.
Such behaviour is again easily explained in terms of BHB slingshot ejections: at
small scales, the BHB ejects stars on radial orbits, allowing only stars on tangential
orbits to survive in the inner regions of the system. Such BHB-induced small scale
effect is enhanced in runs with a high central concentration.
The anisotropy parameter for run MC7o with a single SMBH is also shown in Fig.
6.11: at small scales, the system is less tangentially biased compared to the run
with a BHB, as slingshot interactions are not at play; however angular momentum
deposition due to the infalling SMBH enhances the tangential anisotropy in this
run compared to the run with no SMBHs, as already mentioned in the previous
section.
Finally, in the peripheral region of the remnants, runs with the BHB are more
radially biased compared to runs with one or no SMBHs: this is the large scale
effect of slingshot interactions that scatter stars on very radial orbits.
6.3.4 Fraction of escapers
The fraction of stellar escapers as a function of time is shown in Figure 6.12.
During the merger, escapers are mainly produced after each pericentre passage: in
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Fig. 6.12. The different panels show the fraction of stellar escapers as a function of time in
runs with the BHB (red dotted lines), with only one SMBH (run MC7o, black dashed line
in the central panel) and without SMBHs (blue solid lines). Each panel is labelled with
the name of the runs shown.
this stage bound stars get destabilized due to the strong perturbation in the global
potential, and may leave the system. As a consequence, more escapers are produced
within tf when the orbit is less eccentric: the merger is slower and the two galaxies
undergo multiple pericentre passages before reaching coalescence. In addition, stars
in more concentrated systems are more efficient at producing escapers: runs with
γ = 1.5 generally have a fraction of escapers at tf that is about two times the
fraction of escapers in runs with γ = 0.5. Such effect is predicted by the theory of
violent relaxation (Lynden-Bell, 1967): if the progenitor systems are cuspier, stars
within each galaxy feel a stronger variation in the total gravitational potential
during the merger, thus the average change in the energy per unit mass of each
star is expected to be more substantial, and the fraction of stars gaining sufficient
energy to escape the system is greater.
If the system does not host a BHB, escapers are no longer produced after the merger
process is completed. In contrast, when a BHB is present a number of stars undergo
slingshot interactions and get ejected from the remnant after the BHB semimajor
axis has dropped below ah. The effect of the BHB is clearly visible in Figure 6.12:
the fraction of escapers steadily increases after tf in remnants harbouring a BHB.
More escapers are produced by the slingshot interactions if the initial system is
more compact, as more stars are initially available on low energy orbits: the BHB
generally unbinds two times more stars if γ = 1.5 compared to runs with γ = 0.5.
When only one SMBH is included in the simulation, the number of escapers grows
almost as it does in the analogous run without SMBHs (Figure 6.12, central panel),
confirming that BHB slingshot ejections determine the continuous production of
escapers after tf .
6.4 Summary and discussion
In this study we carried out a suite of equal mass galaxy merger N -body simula-
tions, varying the initial orbit and inner density slope of the merging galaxies and
including or not a SMBH in the centre of the colliding systems; when a SMBH is
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included in each merging galaxy, a BHB forms in the centre of the remnant. Us-
ing convergence tests and analytic estimates for the two-body relaxation time, we
minimised the effect of spurious two-body relaxation by analysing our simulations
at a time and on a spatial scale at which two-body relaxation time is always longer
than the simulation time.
Our main aim was to analyze the link between the morphology and kinematics of
the newly formed stellar system and: (i) the initial orbit and density profile of the
two progenitor galaxies and (ii) the presence or absence of a BHB (or even a single
SMBH) in the centre of the merger relic; finally, we studied how the shape of the
remnant influences the BHB hardening efficiency. In what follows we summarize
and discuss our main findings.
6.4.1 Morphology of the remnant and merger initial conditions
As expected, the mid- and large-scale geometry of the system strongly depends on
the merger orbit: high angular momentum collisions generally lead to the forma-
tion of an oblate spheroid, while radial (or equivalently, lower impact parameter)
mergers can produce maximally triaxial or (if no SMBHs are present) prolate sys-
tems, in agreement with the findings in González-García and van Albada (2005).
This might be linked to the fact that the initial conditions for more radial galaxy
collisions are more ‘anisotropic’ (i.e. the orbit of the galaxies is elongated in the
merger plane, instead of being close to circular), thus the projection of the final
remnant in the merger plane is more stretched. Alternatively, this effect may be
a result of radial orbital instability, that drives a break in the symmetry of the
system (Antonov, 1987; Saha, 1991; MacMillan et al., 2006; Barnes et al., 2009).
Higher angular momentum mergers were also found to produce more flattened rem-
nants (especially beyond the half-mass radius): as expected, a higher degree of net
rotation is induced in the outskirts of the system for more circular collisions, and
in turn the remnant shape appears to be more flattened.
The shape of the merger relic is also connected to the galaxy progenitors’ den-
sity profile: while collisions between more concentrated galaxies generally produce
oblate spheroids with b/a closer to unity, low concentration systems are found to
be often maximally triaxial and possibly prolate. This may be connected to the
fact that stars in systems with a shallower density profile are more sensitive to tidal
torques, thus their orbit is more easily modified during the merger: it follows that
the collision between less concentrated galaxies can affect the remnant shape more,
and the resulting system will better remember the imprint of the merger orbit.
We further stress that the shortest axes (c/a) of the oblate systems produced in
our simulations are always almost perpendicular to the merger orbital plane. In
systems with the BHB, the orientation of the merger plane almost always coincides
with the orientation of the BHB orbital plane, thus one may think that the BHB
causes the system to be flattened in the direction of its angular momentum vector.
However, even in runs with only one or no SMBHs the system is flattened in the
direction of the merger plane, suggesting instead that the galaxy collision (and
perhaps the resulting rotation) influences the orientation of the principal axes of
the ellipsoid.
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6.4.2 The role of the central SMBHs
Perhaps the most striking result in our simulations is the fact that if at least one
SMBH is involved in the merger, the system shape is noticeably influenced by the
SMBH well beyond its sphere of influence, and this is true from the very moment
the remnant forms. Starting from the same initial orbit and density profile of the
merging galaxies, we found that the central regions of merger relics hosting SMBHs
are always closer to spherical, and the triaxiality parameter T is noticeably smaller
compared to the same runs without SMBHs: a merger product hosting one or two
SMBHs is generally found to be oblate, aligned with the galaxy merger plane, and
never attains T > 0.6, while when no SMBHs are present the remnant is typically
prolate (sometimes reaching T ≈ 1) or maximally triaxial. The aforementioned
differences are particularly evident within a radius including approximately 2− 50
times the mass of the central SMBH(s), while the remnant shape is generally the
same beyond ≈ 100 SMBH(s) masses.
The fact that a central massive body may render the system rounder or closer
to oblate was already evident from a number of studies (e.g. Lake and Norman,
1983; Gerhard and Binney, 1985; Merritt and Quinlan, 1998; Holley-Bockelmann
et al., 2002), which addressed the evolution of equilibrium mass models (rather
than merger relics) where a SMBH was adiabatically grown. In these studies, the
evolution of the galaxy shape is attributed to the fact that the SMBH acts as a
scattering centre, rendering centrophilic orbits stochastic: the volume filled by the
scattered orbits is rounder and does not support the original galaxy shape, thus
the global morphology of the system changes(5).
Similar studies found that a central strong cusp may have an analogous effect:
it may act as an orbit scatterer evolving the system towards a more spherical
shape (Merritt and Fridman, 1996; Merritt and Valluri, 1996). This could be the
reason why, among our models without SMBHs, the ones with the highest initial
concentration were those that either became immediately oblate, or retained a
shape with T > 0 for a very short timescale.
Even if a SMBH (or possibly even a strong cusp) seems to drive the system towards
oblateness or sphericity, a series of more recent studies were able to demonstrate
that steady triaxial (T ≤ 0.5) models involving a high fraction of chaotic orbits and
hosting a SMBH can be constructed, and they were found to retain their shape over
many dynamical times (Poon and Merritt, 2002, 2004). This means that triaxiality
can be achieved in systems hosting a central SMBH. To our knowledge though, a
stable steady state solution for a prolate system hosting a SMBH has never been
found: according to Poon and Merritt (2004), mildly prolate models harbouring a
central massive body always evolve towards an oblate axisymmetric configuration,
in agreement with the fact that our SMBHs-hosting remnant never reach T > 0.5
outside the BHB sphere of influence. To our knowledge, the fact that T seems to
have an upper limit if the system hosts a central massive body has no thorough
explanation, and we reserve to better analyse this aspect in a forthcoming paper.
Recently, Vasiliev et al. (2015) studied the evolution of BHBs embedded in stable
triaxial mass models via a Monte-Carlo method that allows them to switch off
two-body relaxation effects: when they analyse the shape of a system hosting a
(5) The final axis ratios of the system in these studies were generally closer to unity compared
to what we find here.
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BHB, they also find an evolution towards axisymmetry, while when only a single
SMBH is present the morphology of the system does not change significantly over
a long timescale (Vasiliev, 2015). For this reason, they suggest that the shape
evolution observed in studies involving a single SMBH (e.g. Merritt and Quinlan,
1998; Holley-Bockelmann et al., 2002) may be greatly affected by spurious two-
body relaxation effects (Kandrup et al., 2000); when a BHB is included though,
they speculate that resonant perturbations of chaotic stellar orbits resulting from
the BHB time-dependent potential (Kandrup et al., 2003) may cause the observed
shape evolution even if relaxation is not at play.
The results by Vasiliev et al. (2015) cannot be easily compared to ours, as we
form our merger remnants self-consistently from galaxy collisions, inducing some
rotation in the systems. But we can state with confidence that our results, on the
scale and at the times we analyse the simulations, are not affected by spurious
numerical two-body relaxation. Thus we propose that galactic collisions may have
an important role in determining the differences in the shape of remnants with and
without SMBHs. Given that evolution towards oblateness is believed to result from
the scattering of stars into chaotic orbits due to the SMBH(s) presence, we propose
that the merger itself may facilitate such scattering process (e.g. though violent
relaxation) even if two-body relaxation is not at play, and regardless of whether
one or two SMBHs are present.
6.4.3 One or two SMBHs
Even if the mid- and large-scale geometry of a remnant hosting only one or two
SMBHs is very similar, some differences arise within the SMBH(s) sphere of influ-
ence. Small-scale differences in the geometry of galaxy centres are of great impor-
tance, as they might give interesting observational constraints for distinguishing
systems that host (or hosted) a BHB from systems with a single SMBH. In our
remnants, when only one SMBH is included, the geometry of the small-scale system
is visibly rounder and less flattened compared to remnants hosting a BHB(6). We
also found that the system keeps the more flattened shape typical of a BHB-hosting
remnant for about a relaxation timescale after the BHB coalescence.
The small-scale shape differences between systems with one or two SMBHs could
be related to the fact that when only a single SMBH is present, the galaxies’ inner
cusps are not destroyed during the merger process and it is difficult to perturb their
spherical shape due to their compactness. When two SMBHs are present instead,
the central cusp within each merging galaxy is destroyed by BHB-induced stellar
scatterings and the concentration of the merger relic is noticeably lowered in the
centre, thus stars are more affected by global torques and the shape of the system is
more easily modified. We further note that the BHB potential is as not spherically
symmetric as the single SMBH potential is; the elongated and time dependent BHB
potential may also affect the stellar orbits within its influence radius and render
(6) In the interpretation of such result, one should keep in mind that the described simulations
started from simplistic initial conditions, i.e. from perfectly spherical, isotropic and non-
rotating systems. In reality, progenitor galaxies undergoing a merger are likely to have suffered
a number of mergers in their history, thus they possibly already exhibit some degree of non-
spericity and some net rotation prior to the merger. For this, in principle a galaxy may appear
rounder in its inner parts just because it underwent a number of repeated mergers, irrespective
of the presence of a BHB. Such aspect deserves a further investigation in a forthcoming paper.
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Fig. 6.13. Stellar mass density ρ as function of the radius r for merger remnants produced
by a galactic collision with eccentricity e = 0.7; the curves refer to time tf + 250. The pro-
genitor galaxies’ density profile is a Dehnen model with (from left to right) γ = 0.5, 1, 1.5.
We show the density profile of remnants hosting a BHB (red dotted lines) and no SMBHs
(blue solid lines); the black dash-dotted line in the central panel shows the density profile
of run MC7o with a single SMBH. For comparison, the dark-green long-dashed line shows
the density profile of the progenitor galaxies; the vertical dotted line marks the radius
including two times the mass of binary in runs including it.
the small-scale structure of the system more triaxial.
There is a second effect that may be observationally helpful in distinguishing be-
tween systems with only one or two SMBHs: the so-called core scouring. If the
system hosts a BHB, the binary-induced slingshot ejection of stars produces a lack
of stellar mass in the central parts of the remnant. As a consequence, the inner
density profile of a systems hosting (or that hosted) a BHB is expected to be less
cuspy. We verified the occurrence of core-scouring in our simulations, and the re-
sults are shown in Figure 6.13: we compare the density profile of the progenitor
galaxies with the density profile of remnants hosting zero, one and two SMBHs.
When the merger relic hosts a BHB, the density profile is noticeably carved out
beyond the radius including two times the BHB mass; this is a well established
result (e.g. Milosavljević and Merritt, 2001; Gualandris and Merritt, 2012) and is
supported by observations (Ferrarese et al., 1994; Lauer et al., 1995; Bonfini et al.,
2018). As a matter of fact, even the infall of a single SMBH can produce a core
in the system (Gualandris and Merritt, 2008; Goerdt et al., 2010); however our
simulations suggest that in the single SMBH scenario the effect of core scouring
is significantly smaller compared to the BHB case (Figure 6.13, central panel). In
addition, we note that the small-scale density profile of remnants not hosting any
SMBH is shallower compared to the one of the progenitor systems. This seems at
odds with the results of Dehnen (2005), who asserts that the steeper cusp should
always survive in a merger; however, the flattening of the inner density profile we
observe in our simulations without SMBHs is most probably an effect of numerical
relaxation. We suggest the density profiles in Figure 6.13 are more reliable outside
the radius where the remnants without SMBHs and their progenitors start having
a comparable density profile.
6.4.4 Rotation and velocity anisotropy
In our simulations, we find that the merger induces some rotation in the final
remnant, even if the bulk of angular momentum is absorbed by the outer regions
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of the relic, in agreement with previous findings (Di Matteo et al., 2009; González-
García and van Albada, 2005). As expected, our simulations show that rotational
support is enhanced if the merger eccentricity is lower.
When one or two SMBHs are present in the simulation, they considerably influence
the kinematics of the final remnant: when a BHB is present, it ejects stars from
the core of the system, which is found to be more rotationally supported. In
addition, SMBHs lose their angular momentum when sinking towards the centre of
the remnant, thus they both enhance the rotational support and lower the radial
anisotropy parameter.
Angular momentum injection, together with high central concentrations, was pre-
viously found to irremediably change the shape of dark matter haloes (Debattista
et al., 2008), thus it might connect with the morphology evolution we see in our
runs, but we reserve to better investigate this aspect in a future paper.
Concerning the enhanced tangential anisotropy in the centre of systems hosting a
BHB, our findings are at least in qualitative agreement with the observational
results of by Thomas et al. (2014): they find hints of kinematical tangential
anisotropy in the centres of elliptical galaxies hosting a depleted core, and such
depleted core may well be the fingerprint of an evolving BHB. The measurements
by Thomas et al. (2014) indicate that the inner regions of elliptical cored galaxies
may be even more tangentially biased compared to what we find in our runs: how-
ever, one should consider that real galaxies (especially large ellipticals) have likely
been through a number of mergers, each of which may have contributed to boost
the tangential anisotropy in the inner regions.
6.4.5 BHB evolution
We find that the evolution of the BHB is not clearly connected with the shape
of the host system, even if a clear correlation is present between the hardening
rate and the concentration of the BHB host. In principle, such lack of connection
might be due to the fact that the system looks always maximally triaxial within
the BHB influence radius, and such triaxiality might ensure a similar hardening
rate in simulations with the same γ. However, Vasiliev et al. (2015) point out
that stars participating in the binary shrinking come from large distances from the
centre, and this would mean instead that the maximum triaxiality within the BHB
influence sphere does not influence the binary shrinking rate.
Alternatively, the lack of connection between the system shape and the BHB hard-
ening could be related to the fact that all our remnants have a similar (nearly
oblate) geometry at the largest scales considered in this study. In principle, one
could also consider the possibility that spurious numerical relaxation plays the ma-
jor role in determining the BHB hardening; however Vasiliev et al. (2015) recently
showed that relaxation has a long-term effect on the BHB shrinking efficiency only
when the host system is perfectly spherical or axisymmetric, that is never our case.
Thus we suggest that a BHB could harden at the same rate for a given concentra-
tion of its host system, and the value of such fixed hardening rate might represent
a critical value that would allow to simplify the forthcoming studies about BHBs
evolution towards GW emission. Even if we do not have a throughout explana-
tion for the aforementioned findings, we plan to perform an orbital analysis of our
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merger remnants in order to get a better understanding of the BHB hardening
connection with the geometry of their hosts.
A further interesting result is that the BHB hardening rate tends to the same
value towards the end of all our runs (see e.g. Fig. 6.4); this perhaps reflects the
fact that the BHB separation almost reaches the softening length by the end of
the simulation, and possibly slows down the BHB hardening in more concentrated
models. On the other hand, the decline of s in our runs is consistent or even
less conspicuous compared to what found by Vasiliev et al. (2015) using a (totally
different) Monte Carlo integration method; we suspect that the slowing down of s
we see here is thus a real effect, possibly linked with the idea that the loss cone
is replenished at approximately the same rate in all models, once the initial loss
cone population has been entirely scattered and the system geometry has found its
equilibrium state.
6.4.6 Conclusions
This study shows that BHBs formed from the dry merger of elliptical galaxies have
a strong impact on the geometry of their host systems. In particular, binary (or
even single) SMBHs render the host system more oblate, aligned with the orbital
planes of both the BHB and the galaxy merger, up to a radius enclosing ∼ 100
SMBH masses, compared to remnants produced by the merger of the same galaxies
not hosting any massive body. In addition, the results of this investigation show
that remnants hosting a single or binary SMBH never attain a triaxiality parameter
T > 0.6, despite merger relics not hosting any SMBH generally exhibit a prolate
inner figure. Furthermore, we find that stars within the influence radius of a single
SMBH are distributed in a more compact and nearly spherical geometry, while the
same region appears to be cored and triaxial if the system hosts a BHB.
Our study points towards a possible connection between the geometry of a galactic
nucleus and the presence of zero, one or two massive central bodies. Our findings
so far qualitatively support recent observations reported in e.g. Dullo and Graham
(2015) and Foster et al. (2017), but we will perform a more quantitative analysis of
this, properly projecting the simulations into observables in a forthcoming paper.
Another major finding was that the BHB shrinking rate seems to vary only with the
central density of the host, while it appears to be less related to the geometry of the
merger remnant. Such result might be particularly relevant for low-frequency GW
science, as the timescale needed for a BHB to reach the GW-emission stage could
be assumed to scale only with the core density of the merger remnant; however
further studies must be carried out to pinpoint the physical reasons behind this
finding.
Finally, our work confirms the idea that BHBs are able to reach their coalescence
phase within a Hubble time in most galaxies, even if the BHB host systems are
generally found to be nearly axisymmetric outside the binary influence radius.

Conclusions and outlook
In this thesis, I have adopted advanced numerical techniques to address the dy-
namical interplay between supermassive black holes (SMBHs) and their host stellar
systems. Specifically, I explored the effect of supernova kicks occurring in the close
vicinity to an SMBH, and the formation and evolution of low-frequency gravita-
tional wave (GW) sources at the centre of galaxies, as extreme mass ratio inspirals
(EMRIs) and SMBH binaries (BHBs).
First of all, my investigation suggests that supernova kicks may play a relevant role
in regulating the dynamical evolution of star forming nuclei as my Galactic Centre:
on the one hand, I propose supernova kicks to be at least partially responsible for
the suspected dearth of neutron stars in the innermost parsec of our Galaxy; on the
other hand, I predict that all black holes that form in situ in the Galactic Centre
remain there in spite of their natal kick(7) (Bortolas et al., 2017); this, combined
with mass segregation, would suggest a cusp of stellar relics to be present in the
close vicinity to the SMBH at the centre of the Milky Way (a prevision supported
by recent X-ray observations of the Galactic Centre, Hailey et al. 2018).
Secondly, I identified supernova kicks to be a relevant mechanism for funnelling
newborn compact stellar remnants on EMRI orbits within the Galactic Centre.
Specifically, I found that ∼ 10−5 − 10−4 supernova events occurring within the
young stellar aggregates observed in the Milky Way nucleus would end up as EMRIs
(Bortolas & Mapelli, in prep.). Remarkably, the EMRI rate induced via this novel
process may constitute up to ∼ 10% of the rate produced via two-body relaxation,
which is traditionally assumed to trigger the bulk of EMRIs (e.g. Amaro-Seoane
et al., 2007; Amaro-Seoane, 2018). Thus, I predict that supernova-driven EMRIs
are an important source of GWs in the frequency range of LISA, the space-borne
GW observatory whose launch is expected in the early 2030s (Amaro-Seoane et al.,
2017).
In more general terms, my results strongly support the idea that supernova kicks
play a relevant role in modelling the dynamics of the Milky Way centre, and they
should be accounted for when exploring the complex physics of galactic nuclei.
Although my investigation has been tailored to the Galactic Centre, my results
might be extended to other nuclei, if we educatedly guess that a number of galaxies
in the Local Universe share similar properties to those of the Milky Way (e.g. an
analogous SMBH mass, the presence of young stars and structures similar to the
S-cluster and the clockwise disc). This possibility is currently difficult to probe,
as the Milky Way centre is currently the sole nucleus where single stellar orbits
can be individually tracked (Böker et al., 2002; Gillessen et al., 2017); however,
the forthcoming class of 30-meter telescopes will be able to resolve the sphere of
(7) In the assumption that black hole natal kicks attain velocities proportional, on average, to
the inverse of their mass.
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influence of a number of SMBHs in the Local Universe, thus possibly constraining
the occurrence of Milky-Way like nuclei (e.g. Gullieuszik et al., 2014; Davies et al.,
2016).
While waiting for the forthcoming 30-m telescope observations, it would be worth
exploring how much my results would change if we discard some of the assumptions
adopted in the Milky Way case. In fact, most probably, even a mere variation in
the SMBH mass would sensibly affect the dynamics of supernova kicks (e.g. Lu and
Naoz, 2018). The presence of a conspicuous amount of gas, as an accretion disc
about the SMBH, could also significantly alter the dynamical outcome of supernova
kicks. In particular, it would be worth exploring (i) the effect of gas drag induced
by the disc on the perturbed orbits of newborn stellar relics; and (ii) whether one
can hope to detect a cusp of dark stellar relics via the interaction of such objects
with the gaseous disc.
Unfortunately, the nature and the distribution of supernova kicks are still highly
uncertain (e.g. Fryer et al., 1998; Janka, 2013; Giacobbo and Mapelli, 2018). In
general, the prescriptions for supernova kicks are poorly constrained owing to the
intrinsic difficulty of observing dark stellar relics, especially stellar black holes; (e.g.
Gualandris et al., 2005; Repetto et al., 2012; Mirabel, 2017); hopefully, the high-
frequency GW detections by LIGO and VIRGO (Wysocki et al., 2018; O’Shaughnessy
et al., 2017), coupled with accurate observations of radio pulsars (e.g. via the
MeerKAT telescope and the forthcoming Square Kilometer Array) and accreting
X-ray binaries (Repetto et al., 2012, 2017; Hailey et al., 2018) would enable to
tighten the constraints on the distribution of supernova kicks, potentially provid-
ing more reliability to my results and to forthcoming investigations on the role of
such energetic events in galactic nuclei.
A second theme I largely addressed is the evolution of BHBs: these objects, likewise
EMRIs, will constitute a relevant source of GWs accessible to the forthcoming LISA
observatory (Amaro-Seoane et al., 2017); here the need to better constraining their
dynamical evolution, in order to anticipate what LISA will observe in the near
future.
Although BHBs have been suspected for a long time not to be able to merge within
a Hubble time (e.g. Begelman et al., 1980; Milosavljević and Merritt, 2003a), all
my results conclusively support the idea that the vast majority of these objects
promptly reach their final coalescence: stars appear to be continually supplied near
the BHB, thus promoting its shrinking down to the GW emission phase (Bortolas
et al., 2016; Gualandris et al., 2017; Bortolas et al., 2018a). Accordingly, a growing
body of literature claims the final parsec problem (i.e. the fact that BHBs were
suspected not to shrink below a separation of ∼ 1 pc Milosavljević and Merritt
2003b) to be finally solved (e.g. Vasiliev et al., 2015; Khan et al., 2016; Gualandris
et al., 2017).
First of all, my findings indicated that the shrinking of a BHB can be boosted by
its encounter with a massive stellar cluster reaching the binary along a radial orbit
(Bortolas et al., 2018b); such result provides a new effective way to bring the BHB
closer to the GW emission stage. Secondly, I showed that the numerically induced
Brownian motion of the BHB, that was suspected to artificially enhance the binary
shrinking rate in direct summation N -body experiments (Chatterjee et al., 2003;
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Milosavljević and Merritt, 2003a), can be safely assumed to be negligible in state-
of-the-art simulations involving & 106 particles (Bortolas et al., 2016).
Finally, my most recent investigation on BHBs explores the interdependence be-
tween the BHB hardening rate and the morphology of a galaxy merger remnant
(Bortolas et al., 2018a). Although deviations from spherical and axial symmetry in
the host system are now accepted to be the catalyst of the BHB hardening (Vasiliev
et al., 2015; Gualandris et al., 2017), my investigation suggests its shrinking in non-
spherical merger remnants to solely depend on the inner density slope of the host
system. This finding has been recently confirmed by other authors (Khan et al.,
2018; Tamfal et al., 2018). Such result could largely simplify predictions of LISA
rates, as the theoretical modelling of the slingshot-driven BHB shrinking could ig-
nore the information on the galaxy shape. As a second remarkable point, I found
merger relics hosting SMBHs or BHBs to attain more oblate (disky) morpholo-
gies on scales enclosing up to 100 times the mass of the central object, compared
to merger relics produced by the same initial conditions, but lacking the central
SMBH(s) (Bortolas et al., 2018a): thus, my study points towards the existence of
morphological features that may help discriminating which systems host SMBHs.
It would be worth following up on such result and performing mock observations of
my models, in order to properly compare them with observational data. This sort
of investigation would be particularly relevant and timely in the present moment,
in view of the spectacularly well resolved observations that will be allowed by the
forthcoming 30-m telescopes.
However, what is possibly the most crucial step to take in the study of BHBs, is to
explore their formation and evolution in a cosmologically motivated context. This
means adopting cosmologically motivated initial conditions for the galaxy merger,
and accounting for the presence of dark matter haloes. While Khan et al. (2016)
demonstrated the feasibility of such investigations, a systematic study of this aspect
would help to constrain the most probable orbital parameters inherited by the
binary at the moment of its formation; this kind of investigation will be of utmost
importance, given that the time needed by the BHB to reach its final coalescence
significantly depends on its orbital parameters at the moment of formation (Sesana,
2010).
Being limited to gas-free galaxies and equal mass BHBs, my studies only apply to
a limited range of scenarios. A further interesting possibility for future investiga-
tions, thus, is to couple the BHB evolution driven by slingshot ejections with that
induced by the presence of a large amount of gas, typically in a disc. In fact, on the
one hand the drag of gas is known to circularize the BHB orbit, on the other hand
slingshot ejections typically enhance the BHB eccentricity (Sesana, 2010; Vasiliev
et al., 2015); thus, it is non-trivial to anticipate which effect among the two will
prevail, but this information would be central considering that the BHB eccentric-
ity significantly affects the timescale a BHB needs to reach its final coalescence
(Peters, 1964).
In summary, the present thesis added several pieces of information to the dynamical
modelling of galactic nuclei and GW sources, and provided important information
that will allow to anticipate forthcoming electromagnetic and GW observations. I
highlighted the critical role supernova kicks assume in regulating the dynamical
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evolution of star forming galactic nuclei as our Galactic Centre. Furthermore, I
have suggested a novel formation mechanism for EMRIs; my work also strongly
supports the idea that SMBH binaries find their way to coalescence within the age
of the Universe, enhancing the landscape of GW sources in the LISA band. In
general terms, the present work is one of the countless demonstrations that the
study of galactic nuclei cannot, and must not, disregard the central role of stellar
dynamics in defining the evolution of such spectacular environments.
A
Prescriptions for the natal kick on the
binary members
Here we describe the procedure we adopted in Chapter 2 to distribute the SN kick
to the two members of the stellar binary system, according to the prescriptions
detailed in appendix A1 by Hurley et al. (2002).
If we consider a binary stellar system composed of two stars with initial masses
M1,i > M2 and relative velocity vector r, we can express their relative velocity as
v = −v0(ıˆ sin β + ˆ cosβ), (A.1)
where β is the angle between the position and velocity vectors; we use the notation
ıˆ, ˆ, kˆ to denote the unit vectors relative to a reference frame X,Y ,Z where the
mass M2 is in the origin and the specific angular momentum h of the binary lies
along the positive Z axis. The system geometry is shown in Figure A1 of Hurley
et al. (2002). The angle β can be expressed in terms of the orbital elements of
the binary, i.e. the semimajor axis a, eccentricity e, eccentric anomaly E and the
distance r between the stars:
sin β =
[
a2
(
1− e2)
r (2a− r)
]1/2
(A.2)
cosβ = − e sin E
(1− e2cos2E)1/2
. (A.3)
We chose the distance at which the SN explosion occurs by drawing a mean anomaly
M (that is uniformly distributed in time) from a uniform distribution between 0
and 2pi. For a givenM, we compute the associated eccentric anomaly by recursively
solving
Ei+1 =M+ e sin Ei, (A.4)
where Ei denotes the i-th iteration for the computation of E; the tolerance for the
convergence of E was set to 10−9. Then the distance r between the stars can be
computed as:
r = a(1− e cosE). (A.5)
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The orbital speed v0 can as well be expressed as a function of the orbital elements:
v20 = GMb,i
(2
r
− 1
a
)
, (A.6)
where Mb,i denotes the total mass of the binary before the SN explosion.
We assume that the mass of the envelope, ∆M , is instantaneously ejected by the
primary star during its explosion, and its mass becomes M1,f = M1,i − ∆M ; thus
the total mass of the binary after the SN is Mb,f =Mb,i − ∆M . During the explo-
sion, the distance between the stars does not vary, but the primary star experiences
a velocity kick whose modulus vk is randomly drawn from a Maxwellian with one-
dimensional variance equal to 265 km s−1 (Hobbs et al., 2005); if the remnant is
a BH (i.e. M1,f > 3M), the kick velocity is then normalized to the mass of the
remnant, assuming linear momentum conservation. The kick velocity vector can
be expressed as
vk = vk(ıˆ cosω cosφ+ ˆ sinω cosφ+ kˆ sinφ); (A.7)
the direction of the kick is assumed to be isotropic in space, thus φ is distributed
between −pi/2 and pi/2 as P (φ) ∝ cosφ, while ω is uniformly distributed between
0 and 2pi. After the SN explosion took place, the new velocity between the stars
is:
vf = v+ vk
= (vk cosω cosφ− v0 sin β) ıˆ+
(vk sinω cosφ− v0 cosβ) ˆ+ vk sinφkˆ ,
and its modulus is, according to equation (A.6),
v2f = GMb,f
(
2
r
− 1
af
)
(A.8)
= v2k + v
2
0 − 2v0vk (cosω cosφ sin β+ (A.9)
sinω cosφ cosβ) .
Note that we use the subscript f to denote the new binary orbital parameters after
the SN kick. The previous equation can be solved to obtain the new semimajor
axis af of the binary system. The system specific angular momentum after the SN
is equal to
hf = r× vf , (A.10)
and its squared modulus is
|r× vf |2 = GMb,faf
(
1− e2f
)
, (A.11)
where
|r× vf |2 = r2
[
v2ksin2φ+ (vk cosω cosφ− vorb sin β)2
]
; (A.12)
the previous equation can be solved to compute the new value for the eccentricity
ef . The new angular momentum vector is shifted with respect to the initial one by
an angle η such that
cos η = v0 sin β − vk cosω cosφ[
v2ksin2φ+ (vk cosω cosφ− v0 sin β)2
]1/2 . (A.13)
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Since an amount of mass ∆M is ejected from the primary star, the centre of mass
of the system now exhibit a velocity shift equal to
vs =
M1,f
Mb,f
vk − ∆MM2
Mb,fMb,i
v (A.14)
with respect to the initial reference frame.
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